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は じめに
こ の 報告書は ､ 平成10年度か ら平成12年度の 3年間に科学研究費補助金(基般研究(C)(2))
の 交付 を受けて 実施された研究 ｢群論的側面か ら見たホ モ トピ
ー 論+ に関す るもの で あるo
本研究で は ､ 研究代表者 ･ 丸山を中心 に ､ 代数的位相触何学に つ い て ､ 特に ホ モ ト ピ
ー
論 に現れて く る代数的対象を様々 な角度か ら研究 した o 各研究分担者 臥 それぞ れ の 専門
分野 か らの 考察 をなす こ と で ､ 研究を進 め ､ また ､ 研究者 の 招碑等により ､ 必要に応 じ研
究協力 を外部 か ら受 けた｡ 研究費の多くの 部分は ､ これらの 研究連絡の た めの 旅費と して
使用 したが ､ 迅 速なる情報交換 をお こ なうため に ､ 電子 的な手段を利用 し ､ そ の 為 の 情報
機器やそ の 周辺 機器 の 整備 にも補助金を使 っ た ｡
3年 間の 研究の 結果 ､ 興味ある結果を得る こ とが 出来た o 特に ､ 空間 の 間の 写像 の ホ
モ トピ ー 集合に つ い て 成立す る い く つ か の 代数的な性質を見出すこ とが 出来た が ､ これら
の 性質は これま で の研究で はむ しろ見過 ごされて きたもの であり ､ 本研究をその 端緒と し
て 将来発展する こ とが期待され る｡ また､ 各分担者は各自の 研究も同時に効果的に推 し進
める こ とが で きた ｡ 越川と築山はそれ ぞれ こ こ数年間懸案とな っ て い た問題 に解答を見つ
ける こ とが 出来 ､ 山内は優れ た研究成果を数編の 論文とする こ とが出来た o
本研究 の 推進 にあた っ て は ､ 数多く の 研究者 の お世話 にな っ て い るo こ こ に記 して 感
謝 の 意 を申 し上げた い ｡
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(7)研究成果
代数的位相触何単にお い て の 重要 な研究対象 の 一 つ に ､ 空間 の 間の 連続写像 の ホ モ トピ ー
類 の 研 究が あ る ｡ 即 ち ､ 連続的変形 で不変な写像 の 性質を調 べ る こ とで あり ､ これ はホ モ
トピ ー 論 の 主 要 な部分をな して い る｡ 本研究で は これ ら の 写像 の ホ モ ト ピ ー 類が代数的な
構造を持 つ 場合に つ い て 特に 研究を行 っ た ｡ 当初 の 研究計画 にお い て主に 研究の 中心 と し
た こ と を今 … 度あげると ､
(1) 自己 ホ モ ト ピ ー 同値群と ジ ー ナ ス
(2) ホ モ ト ピ ー 集合 - の 代数群 の 応用
(3) 具体的な空間上 で の研 究
で あり ､ 以下そ の 成果を述 べ るも の で あるが ､ それ ぞれの 課題 は本研究にあ っ て 療按に関
連 し合 っ て おり ､ 成果もまたそ の 様に交錯 したも の とな っ て い る ｡ そ の為 ､ 次 の 如く括り
を新た に して 述 べ る こ ととする ｡
項目1 . 空間の 自己ホモ トピ ー 同値頬群
空間を有理 ホ ッ プ空間にとり ､ 自己ホ モ トピ ー 同値類群の ある帯零部分群と空間の 局所化
ジ ー ナ ス と の 関連が わ か っ て きた ｡ 具体的に は自己 ホ モ ト ピ ー 同値類群 の なか で ホ モ ト
ピ ー 群 に恒等写像 を誘導する元 に代表され る部分群 に つ い て は ､ こ の 部分群 をそ の 有限
位数部分群で割 っ た商群に つ い て は ､ 空間の ジ ー ナ ス 上で 不変な性質､ すなわち或る空間
が他 の 空間と同 一 の 局所化ジ ー ナ ス をも っ て いれ ば､ こ れ らに つ い て 上 の 商群をとれ ば ､
それ らは同型 で ある ことが わか っ た
｡ 現在こ の結果を 一 般化 し つ つ ､ これま で の結果は論
文にまとめ るこ とが出来た[5]｡ なお ､ これ らの 結果 は1999年 9月 にイ タリア で 開催 され
た研究集会 にお い て 発表され た(口頭発表[3])0
項目2 . ホモ ト ピ ー 群 に付随 した安定性を持 つ 部分群の 列に つ い て の 研究
以前にホ モ ト ピ ー 同値の群 の 有限表不可能性 を調 べ る過程 で ､ 代数群 の 理論 を使 っ たが ､
本研究 の課程 で ､ 違 っ た角度 か ら こ の 手法が利用 できる こ とに気付 い た ｡ すなわ ちある部
分群の 射影系に つ い て ミ ッ タ - グ レ ッ フ ラ ー 条件と呼 ばれる もの が成立する こ と の 証明に
代数幾何学的な方法が利用 できる こ とがわ か っ た ｡ こ の 方向で の 成果は[1】にまと めたが ､
その 後 ､ 空間をホ ッ プ空間とよ ばれ る位相群 を 一 般化 した空間類 に つ い て 考え て み ると ､
ミ ッ タ - グ レ ッ フ ラ ー 条件 がホ モ ト ピ ー 集合 の 上 の ホ モ ト ピ ー に付随 した 下降列+ また ､
自己 ホ モ ト ピ ー 同値類群 の なか で ホ モ ト ピ ー 群 に付随 した下 降列に つ い て 成 立 して い る
こ事も同時に証 明で きた｡ 結果は[15]に論文と して まと め ､ 出版準備中で ある ｡
項目 3 . 具体例 で の 研究球面 ､ ホモ トピ - 群の 決定
抽象的な議論に終始する の を回避する ため ､ 上記項 目を具体的な例 で 調 べ た ｡ こ の 目的
の た め に ､ リ ー 群な どの位相的な性質の よく分か っ て い る空間を利用する こ とに した が ､
たと え低 い ラ ンク の リ ー 群に限 っ て も､ た とえば項目 2 で述 べ た事柄 を確認する ことは容
易で なく ､ 相当な困難を伴うこ とが判明 してきた ｡ そ の過程 で球面 の ホ モ ト ピ ー 群の 決定
が是非とも必 要とな っ て きた の で ､ 戸 田宏 によ っ て そ の 多く の 部分が開発された計算方法
を適用 し､ 特 に 3成分 に つ い て の 計算を実行 した (口頭発表川)｡ 球面の ホ モ トピ ー 群 の
決定はそれ 自身大きな課題 である の で ､ 長期的な視野 で こち らも遂行 して 行きた い ｡ 項目
4
. 研分担者の 成果
本研究は ､ 代表者以外 に 3 人 の 研 究分担者 の 協力 の もと に推進され た｡ 研究分担者 はそ
V l
れぞ れ の研 究成果を得て お り ､ 研究論文と して発表 して い る ｡ 越川 はSK 群 を研究 し､ そ
の 自然な 一 般化及び Bur nside 環と の 関係 に つ い て 結果 を得た . 論文【6],[7]｡ 築山は 論文
[8],[10]にお い て 築山 の 問題 と呼ばれ た問題 に つ い て 新 しい 視点か ら ､ そ れ に つ い て の 著
し い成果を得る こ とが できた ｡ また ､ 山内は表現論にお い て の 大きな定理 で ある Gre ellの
定理 に簡明な証明を与 える 倫 文[11],[13〕) など ､ 大きな成果 を得た ｡
以 上 の 結果 か ら ､ 本報告 では 以下で つ ぎの 論文 を つ づ る こ ととす る｡
1･ A s ubgr o up ofs elf- ho m otopyequ lVale n c e s whichs atis丘e sthe M-L c o nditio n, Bull･
ofThe Fa c ultyofEdu c atio n, Chiba Univ e rsity4 8(2000)ト5.
2･ (with M･ Arkowitz)Self- equivalenc e s which indu (ニe theide ntity m ap on ho m ology,
c oholnOlogyo rho m o七opy gr oups, Topolo.gya rl,d it,a applic atio ns 87(1998)133- 154.
3･ Onthe Hop
lfc o n str u ctio n
,
Bull･ ofThe Fa c ulty ofEdu c atio n, 仇iba Univ ersity46
(1998)1 ト12.
4･ (with M･ Arkowitz, D . Stanley)T he s emigr o up ofs elfho m otopyclas s e s whichindu c e
zero on ho m otJOPygr o ups, Kyushu Jo u r n al ofMathe mJatic s(発表予定).
5･ A s ubgro up ofs elfho m otopyequivale n c e swhich isinv aria nton genu s, Co nie mpo r
･
a ry
Mathc m aL･ic sAM S(発表予定).
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A S U B G ROU P OF SE L F- H O M O T O PY EQU I V A L ENCE S
W H I C HSA TISF IES T HE M_ L C O N D I T ION
KE N-IC H IMA】1′UYA M A
I N T ROD U C T ION
Let f(X)den ote the s et of(bas ed)ho m otop ycla s s e s ofs elf-ho m otop yequiv-
ale n c e s of a(ba s ed)spa c eX ･ E(X)is agro up withgr o up operation given by
c ompo sitio ‡1 0fho lnOtOpyCla s s e s.
For a丘nite CW - c omplex X there aretw o n aturals ubgroupsf*(X),the s ubgroup
ofho m otopycla sses which indu c etheidentity on the ho m ology gro ups ofX a nd
E?m(X), o r simply de n oted by f#(X), the s ubgro up of ho m otopycla s s e s which
indu cetheidentity on ho m otopy gro ups ofX in dim e n sio n s≦ dim X ･ T he s e s ub-
gT O uPS a r ekn o w ntobe nilpotent[D Z]. Inthis paper
'
, m ainly w e willstudy a n other
s ubgroup f蒜/T(X)whichc o n sits ofele 11' e ntSindu cingtheide ntity o n打i(X)/T,for
i≦ n whe r eT is the s ubgro up oftor sio n ele m e nts of7Ti(X)･ Ifall7Ti(X)are 丘nite
gr o ups, e a ch f蒜/T(X)coin cide s withf(X)I Thu sf蒜/r(X)fails to be nilpote nt
in general･ For ex ample, f蒜/T(V
5
M(Z2,3))望 ど(V
5
M(Z2,3))are not nilpote nt
gro ups, whe r eV
5
M(Z2,3)is the 5-foldw edge s um of Z2- M o ore space s･ On the
otherh and
,
E蒜/T(X)ar e nilpote nt, gr o upsin m any c a s e s(T heo rem 2･5)･ A re m ark
-
able pointis that f蒜/T(X)satislics a c ertainstable property(the M ittag
-Lemer
c onditioll)(T he ore m l･2)I
Let u sde n ote by Xp thelocalization ofX at P･
§1 f蒜/T(X)A N Df;(Xo)
Theore m 1.1. LetX be ajinite nilpote ntc o mple ∬, the nade s c e ndingn orm als e ries
f3(Xo), n - 1, - is Mitta9
- L - ., n a melyf#
m(Xo) - f#
N(xo)fo rso m eN･
pro of. T here exist,s thefollo wing a ctio nindu c ed by c ompositio n of m aps･
f(Xo)× 7ri(Xo)十 7Ti(Xo)
Let x n - (xl, … , 3:k)be gen e r ator sfor 7Ti(X)/T ⊂ 7Ti(Xo),i≦ n ･ NotJe 七hat 7ri(X)
are Q- ve ctor spa c e sfor i ≧ 2 a nd fori - 1 we c a n cho o s ege n e r aJtO r S S Othat
elem e nts of 7Ti(Xo)are expre ss edin 七hefor m of I;ll - x;hk, w he r erij are r atio nal
nu mbers[Ha,§6]. Let f(Xo)x n betheinte r s e ctio n of theis otr opys ubgro ups at the
ele ments .Llた ∈ Ⅹ n .
E蒜(Xo) - f(Xo)x n
a lld
∞
f#
m
(Xo) - nf(Xo)x n
rL
E(X｡)is is o m o rphic to an algebraic gr o up[Sul], a nd e a ch ど(Xo)Ⅹ n isis oln O rpllic
toits algebraic s ubgr o up[Ma3]. T he refo r e,by afu nda m entalproperty ofalgebraic
s ets w e obtain that
OO
ns(xo)Ⅹ n - f(Xo)Ⅹ N
†7,
for so m e N . Henc ethe re sultsfollow s.
Altho ughitis n ot kn o w ntJhat the s ubgr oup f#
cx'(X)s atisfie sthe M -L c o nditio n
as abov eex ceptfo r spe cialca s e s s uch a sX is apr odu ct ofsphe r e s(se e【A M]), w e
obtain
T he o re m 1.2. Let Xbe ajiniLe nilpote ntc o mple 3;, then ade s ce ndingn or m als e rie s
ど蒜/T(X), n - 1･ - is Mittag-L 脚er? n am elyf#
m
/T(X)
- f#
”
/T(X)for s om e N ･
proof. Now w e recalls o m ere sultsfro m [Ma3]･ Let
2:f(X) 1 f(Xo)
bethe ho m o m orphis m indu c ed by r at,io nalization ･ Let
f(X)× 7Ti(X)う 7ri(X)
be the n aturala ctioll, Ⅹ - (xll, … , LTk, - ･)be generators for 7Ti(X),i ≧ 1･ The n
QE(X)x isdefin edtobethe s ubgr o up off(X)whichc o n sits ofele m e nts satisfying
(fxk)0 - Xk O･ T he n obvio u sly,
Qど(X)Ⅹ - f#
cx'
/T(X)
since X is a finite nilpotent co mplex . By[Propo sitio n 2･4(and its pro of),[Ma3]],
A(Qf(X)x)is an arithm etic subgro up of f(Xo)x ｡ , whe r exo - ((a
l
l)0, - ,(a･k)0, ･ ･ ･)･
Asinthepr o ofofT he o r e mIl ,thegr o upf(Xo)Ⅹ ｡isis o m o rphictof#
u
(Xo)･ The re-
fo r e,e(f#
c
aT(X))is c o m m e n su rable with E#
c n(Xo)z･ But thelatte risis o l n OrPhicto
E
#
M(xo)z, for so m e M by T he ore m l･1･ No wA(ど#
M
/T(X))is c o m me ns urable to
E
#
M(xo)z bytile Sa m e reaso n, a nd he nc ethc七w ogr oupsf#
c
aT(X)alld S#
M
/T(X)ar e
(二O m m e nS ur abl(),
,
Il a II lely thefirstgroup ha sfiniteinde xinthe s e co nd gr oup(kere
is a Bnite s ubgr o up)I Itfollw sthat f#
N
/T(X)and f#
c n
/r(X)areis o m orpllic for so m e
〟 .
C or olla ry l･3･ Lc
'L X be ajinil,a nilpotenL'co mple xJ
･
･ ど#
m
/r(X)isfiniteifa nd o ”,ly
ifC芽(Xo) - (1)･ In t7”:a cas eど#
N(x)isjinitefo r so m eN ･
pr oof･ f#
N
/T(X)is 丘nite ⇔ S#
N
/r(x)is 丘nite for s o m eN ⇔ f#
N(x)is 丘ni七e 令
f#
N
(xo)istrivial[Mal],[Mo〕令 f#
c n(Xo)is trivial･ T he sec on (1equivale n c efollow s
fr o mthefa ct thatf#
N(x)hasthc 丘niteindex in f#
N
/T(X)･
R e m a rk･ f蒜/r(X) or 指(X) are notfiniまe gr o ups in ge n eral([AM], Corollary
6･2])･
§2 Mo RE ON f蒜/r(X)
we de丘ne K(X)to bethe ke rnel ofthe ho m om orphis me:f(X)う f(Xo)･
T he o r e m2･ 1･ Let X be aPnite nilpote nt co mplex･ Iff蒜/T(X)isPnite a nd n ≧
dim X o m - ∞ , then f蒜/r(X)望 K(X)･
pro of･ Since K(X)is a subgro up of f;/r(X)there e xists t,he following ex a ct
Se alle n C e
o → K(X)斗 E蒜/T(X)う E;(Xo)
The gro upど;(Xo)is u niquelydivisible and he n c e w e obtainthe re sult･
By七be s a ln ea rgu Ⅲ1 ellt W e ObtaiII
p ropo sitio n 2.2. Let X be ajinite nilpotent co mple x･ The nf蒜/T(X)/K(X)is a
nilpo舌entgr oupfo r n>_ dim X ･
A gro up a is said to bc afinite
-by- nilpotent gro up ifithas afinite n orm al
s ubgr oup N s u chthat a/N is nilpotent･ By[H M R], K(X)is a rlnite group and w e
obtain
Co r olla ry 2･3･ Let X be ajinite nilpote nic o mple ∬･ The n f蒜/r(X)is ajinite-by-
nilpoL
.
e ntgro uplor n≧dim X o m - ∞ ･
Next w e c o n siderthe c as e whe r etheho m ology gr o ups of Xhave IlotOl
･
Sio n･
Le m m a2.4. Let X ()a afirl,ite nilpotc nt co mple∬ whose ho m ology gr o uIW hav e r w
to r sio n. T he n K(X)is aJirtJitc s ul)gr o up Off*(X)･
Pr o of. K(X)isfinite by[H MR]･ By o u ra s su mptions,the r e s ultis cle a r･
T he ore m 2. 5. Let X be afinite nilpote nt co mple∬ w7w s eho mology gro ups have
n oto rsion ･ T hen f蒜/T(X)is a nilpo
'Le ntgro upfor ” ≧ dim X ･
pr oof. By Le m m a2 A, al the clc m cnts of K(X)induc e stheide ntity o nho m ology･
Letu s c onside rthre e a ctions LJl :S蒜/T(X)× Hi(X) 1 Hi(X), LJ2 :f蒜/T(X)/K(X)
･Hi(X) → Hi(X)a ndw3 :ど3(Xo)× IJi(Xo)1 Hi(Xo), where LJ2isilldu c ed fr o m
ul. T hefollo wlngdiagra m is c om m utativ e･
f蒜/T(X)× Hi(X) ー Hi(X)
1 -l
f蒜/T(X)/K(X)× Hi(X) ー Hi(X)
1 1
指(Xo)× Hi(Xo) ー Hi(Xo)
we obtain thr e elow er c e ‡1tI.al s erie s de丘Il ed ill[ⅢM R〕(se c七ioI1 4)c or respondillg
to the s e a ctions. Le七 u sde note them by(叱1(Hi)),(r£｡(Hi))and(r乙3(HiO))
r espe ctively. Bythe abo v e c om mut,a七iv ediagra m , r£1(JZi) - 吃(Hi)a nd 七hey a r e
s ubgr o ups of r£3(HiO)sin c ehom ologyha s n oto r sion ele m ents･ Ifn ≧dim X ,the
a ctio n LJ3 is a nilpotent a ctio nin the se ns e of[H M R],tha七is, r乙3(HiO) - 0for
s o m ei(T his c an be a去hieved byinductio n usingthe po stnikov syste m)and hence
r£1(Hi) - 0 with thisj･ Now w e obtain thatthe actio n LJlis a nilpotent a ctio
n
,
and he n c eo ur r es ult follow sfro m T heo re m Din[D Z]･
Le m m a2.6. Let X be a simply c on nectedPnite co mplex who s ehom olo9y gr o ups
ha ve n o to rsion . The n K(X)is aJiniL-e nilpotentgro up and K(Xp)望 K(X)p ･
p,o of. ByLe m m a2.4, K(X)is a subgr o up of E*(X)･ Thelatter gr o upis nilpote nt
[D Z], and s ois K(X)･ On the other ha nd, we hav ean exa ct s equ e n c e
o ぅ K(X)+ f*(X)BE*(X.)
By[Ma2]f*(Xp)望 f*(X)p ･ M ore over, as lo cal izatio n co m mute s withpullba cks
(T he or em 2･10[H M R]),(ke re)p 望 kerep ･ Hencethe re sultfollow s･
By TIleOreln 2･1 a nd I+e I11Ⅲ1 a2･6 w eobtain
The o r em 2.7. Let X be a simply co n n e ctedjinite co mple xJ
･
W7w s eh10 m Ology gro ups
ha ve n oL
'
( -
･io n･ As βてL m eut, d ど蒜/T(X)isJi
･n,'17;a and ” ≧ dim X o r” = ∞ , ulJen
ど蒜/T(Xp)望 f蒜/T(X)), ･
Co mb ining with Co r ollaryl･3 w e obtain
co r olla ry 2. 8. LetX be a sirTILPlyco
,r m ectedJirl,i･te c om,ple xwho βeho m ologygroups
ha,u e n otor sio n･ IfE#
c n(Xo) - (1) , then f#
c
ar(Xp)望 ど#
c
aT(X)p ･
§3 L OCA L I ZAT ION OF f#
cx3(X)
In ge n eral w eⅠ1 aVe
propositio n 3･1･ f罫(Xp)is P localfor ajiniL
.
e nilpotent c omple∬ X a nd an
a rbitrary s et ofprim en u mbe r sP ･
Le m m a 3.2. LeL･(fi＋1 : Gi＋1 1 Gi)be a nin ve rse system such thatea ch Gi is
P -lo c al･ T hen *im Gi is als oP -lo c al･
pr o of. Let q be a ninteger which is prim eto the allthe ele m e n ets of P･ Let -
q
be the q-th power m ap･ The map -
q : 担担Gi 十 tLm Giis indu c ed fr om the m aps
_
q : Gi ) Gil T hefolowingdiagram is c om mutative･
→ Gi＋1
+ 叫 Gi 止 → Gi- 1 -
l- q 卜 しq
- 二十 Gi.1
- A Gi - Ji) Gi- 1 -
Ea ch -q : Gi う Giisinje ctive sin c eGiis p-lo c al, and thus -
q :tLm Gi 1 互担･Gi
is als oinje ctive. Let(gi)be an ele m ent of奉迎 Gi･ For gi ∈ Gi, ther e e xists the
u niqu e el m enta;su ch that - q(g王) - gil -
q(fi＋1(gi＋1))- fi＋1(gi＋1) - gi S O,
fi.1(gi.1) - g;･ T his showsthat(g言)∈ 担 Gi･ Therefo r e-
q : 担 Gi 十 担 Giis
s urje ctive･
p, o of ofPropo sition 3.1. By[Mal],[Mo]it holds that E#(Xp)望 f
l
#(X)p , thu s
f#(Xp)i8 P -1oc al･ As thegroupE#
m(X)isisom orphicto 担 n 指(Xp)･ Our re sult
is cle arfro m Le m m a 3.2
Re mark･ T he r e
,foref#
cx'
(Xo)is丘niteifa ndonlyif E罫(Xo) - (1)forfinite nilpotent
c omplexes.
For a m o I･e Spe (:主al(:a §e we obtain
T he o r em 3･3･ Let X be a 伽L.a nilpote nt c omple x･ Iff#
o o
/T(X)isjinite or e,quil'
-
ale ntlyf#
c n(Xo) - (1), then f#
m(Xp) - f#
cx3(X)p ･
Pr o of･ Unde r o u r ( 湖 Iditi( ”, by Corollary l･3, f#
cx'(X)isfinite and is o l n ''1●Pllic to
f
#
N(x)fo rs om e N ･ Now t,he re s ult follo wsfro m [M al],[M o]･
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S E L F H O MT O PY EQUI V A L ENC ES W ‡‡IC王‡ I N DU CE
T H E I D ENT I T YON ‡‡O M O L O G Y, COHO M OL O G Y
O R HO M O T O P Y G R O U P S
M A R T I NA RKO WI T ZA N DK EN -I C H IM AR U YAM A
AB S T R A C T･ For a bas ed
,
I- c onn e cted, finite CW -c om plex X, w e study the follow -
ing s ubgro ups ofthe gro up of ho m otop yclass es olfself hom o七op yequiv ale n ces of X:
ど*(X), the s ubgro up of ho m o七op yclases which indu cethe iden七i七y o nho m ology
gr o ups, E
*(X), the s ubgr o up of ho m otop yclass es whichindu ce七heide n七i七y on c oho -
m olog ygr o ups a nd錯
m ＋r(x), the s ubgr o up of ho m o七op yclass esw hichindu c e七he
identity o nho m otopygrou psin dim ensions < dim X ＋ r/ Weinvestigatethes egro ups
w hen X is a M o ore spa ce a nd whenX is a c o- M o ore spa c e･ We glV e七he stru cture of
the gr o upsin thes e c as es a nd provide ex a mples ofspacesfor which 七he gr o ups difre
･
w e als o c on sider c onditions on X s u ch that ど*(X) - ど
*(X)a nd obtain a class of
spac es(in cluding c o mpa ct, o rie nted m anifolds and H-spa ces)for w hich this holds･
Fin al ly, w e exa min?錯m 'r(x)for certain spa cesH and c o mpletely deter min e七he
gro up whe nX - S
m x Sn a nd X - C Pn V S2n ･
§1･ IN T ROD UCT I O N
If X is abasedtopologicalspa ce,1et ど(X)den otethe s et of ho m otop yclass?s of
self ho m otopy equivalen c cs of X. T hen f(X)is agr o up withgr o up oper ation given
byc ompo sition of ho m otopyclas s e s･ T hegr oupf(X) andc e rtain n aturals ubgro ups
a r efunda m e ntalobjectsin ho m ot,opytheory a ndha v ebe e n studiede xte n sivelyt For
a丘nite C W- c o mple xX ,the s e s ubgro upsincludef*(X),the s ubgro up of ho m otop y
cla ss e s whichindu c etheide ntityontheho m ology gro ups of X,ど
*
(X),thes ubgr o up
ofho m o七opycla s s es. whichindu c etheidentity o nthe c oho m ology gr o ups ofH and
f#m '
r
(X), the s ubgr o up of hom otop ycla s s e swhichindu c ethe ide ntity o nthe
ho m otopy groups of X in dim e n sio n s_< dim X ＋ r･ Fo r a s u rvey of
kn o wn re s ults
and applic atio n s ofど(X), s e e【Ar], andfor alist of refe r e n c es o nthe s ubgr o ups
m entioned abo v e, s ee[A- L, p p･ 1-2]･
In this pape r w einve stigate tlle S ubgr o ups f*(X), f
*(X)and 錯m ＋r(x)I we
glVe ex a mple sfor whichthe gr o ups are differ e n七 a
nd pre s e nt s o m ege n er al re s ults
wbicb show whe nthey ar etle S a m e･ In addition) w e c o mpletelydete r mine the s e
gro upsin s e v eralspe ci丘c c a s e s･
we n ow brie恥 s u m m ariz ethe c o ntents ofthis pape r･ Se ctio n2 c o ntain s s o me
us efulr e sults which willbe n e ededin later s e ctio n s･ Wc 丘r st state s e v eralclas si
-
c al the ore m s s u ch asthe u nive rsalcoe凪cie nt the ore m for ho m o七opy gr o ups with
19 9 1M athe m atics Subje ct Cla s siBc atio n･ Prim ary 5 5 P I O･
Key w o rds a nd p7- se s･ Ho r n ot p yequl V alenc e s) the gro up of ho
m otop yequl Vale nc es7 ho m o
-
七op yequivalences w土Iicllirldu ce theidellもi七y) M o oI
･
e Spa ce s) C O
- M o ore spac e s, produ cts ofspher es･
Ty pes et by 4MS- 聯
c o e阻cie nts andtlle Bュakers- M as seythe ore m. Wethen c onsider M o o re spa c e s,i･e ･ ,
space s with a single n o n
- vanishing ho m ology gr o up) and give s o m e ele m entary re
-
sults about the m. In Se ction 3 we study f*(X), f
*
(X)and 錯
m 'r(x)whe n X
is a M o o r e spa c e a nd determin ethe s egr o ups c ompletely･ In Se ctio n4 we ex a m
-
in e c o- M oo re spa c e sY,i･c ･, spa c c swi th a si ngle n o n
- v anishingc oho m ology gr o up,
and c alc ulate the gr o ups E*(Y), f
*
(Y)and錯
m 'r(y)for r- 0,1･ T he re s ults
in Sections 3 and 4 provide u s with m any exa mple s which sho wthe po s sibilities
for the gr o ups f* , f
*
and fiim ＋r ･ In Se ction 5 we c onside rspaces X s u ch that
f*(X) - f
*(X). W e sho w that c o mpa ct, o rie nted m anifolds, H- spa c es arid spac e s
with certain ho lnOIoglCal r esl
･
,Tic,七ion s al 1 have this pr ope rty･ In Sect,io n 6 w e ex
-
a min ethe gro ups 錯
m ＋r(x)for specinc spa c e sX in ordertoillu str atethe varied
behavior of the s egro ups. In particular, w e c ompletelydetermin e錯m ＋r(sm x Sn)
and錯
m ＋r(Opn v s2n)I
For the r e mainder ofthis s e ctio n w epr e s e nt o u rn otation and c o nv cntions･ All
七opological spa c e s wilbe ba s ed a nd have the ba s ed hom otopyty pe of a
丘nite)
llC On ne Cted C W-c ol nplex I Allm aps a nd ho m otopie s wi llpr e s er v eba s epoints
･ If
I: X I Y is a m ap, then f* n : Hn(X) → Hn(Y)?f#n : 汀n(X) 1 7Tn(Y)a nd
rn : H n(Y) ) H n(X)de n ote re spe ctivelytheindu c edho m ology, ho m otopya nd
c oho m ologyhom o m o rphis m in dim ension n･ The s ubs c ript or s uper s c ript
(
n
' will
often be o mi
･bted. In this paper w edo notdistinguish n otatio n allybeL
･
w e e n a m ap
x l Y andits ho rTWtOP yCla ssin[X,Y]･
If Gis an abelia ngr o up a ndn ≧3 a ninteger,the n七he Mo ore spa c eM(a, n)is
the spa c e) unlqu e uptO ho m otopytype) char a cteriz ed by
Hi(M(a, n))-(?
i = n
i≠n .
Ifaisfr e e- abelia n, M(a, n)isjus七a w edge ofγレSPhe r e s･ In ge n eral,the c o n str u c
-
tio n of M(a, n)is a sfollo w s: Let a - 5/釈, whe r e首isfr e e
- abelian a nd 沢⊆ 苫
is a s ubgro up. T he inclu sio n沢 ⊆ 5indu c e s am api: M(釈 ,n) う M(5, n), a nd
M(a, n)isthe m apping c o n e ofj･ Thu s w9 ha v ethe dePnin9 COPbre s equ en c e of
M(G, n):
M(5,n)B M(a, n)斗 M(釈, n ＋ 1)I
N｡tethat whe naisfinitely-generated, M(a, n)is a丘nite CW -c o mplex of dim en -
sion n if aisfr e e- abelian a nd ofdim cn sion n ＋1 ifais notfre e
- abelian ･ Itiskn ow n
[Ba,p･ 268-269]tha七7Tn .1(M(a, n))- G⑳ Z2for n ≧S andtha七 打n '2(M(a,
n))is
a
.
n exte n sio n of To r(a,Z2)by G ⑳ Z2for n ≧4･ Sin c eM(a, n)is ado uble suspe n
-
810n,the s et of ho m otopycla ss e s[M(a, n),X]c an be given abelian group stru cture
withbina ry operatio n
'
＋
'
. T hen 7rn(a;X) - [M(a, n),X]is caled the nthho m o
-
topy gro up of X withc o emcientsin G･ T
he gr o up ofs elf ho m otopyequivale n c es
f(M(a, n))ofa Mo ore spa c eha sbe en studied by Rutterin[Ru]･
Fin ally,if Ais a n abelian gr o up) w e w rite
γ
OA - A ㊦ - O A (r s u m m a nds)
we als o u s e
`
⑳
' 七o de note c artesian produ ct ofs ets･
A ckn o wledge m e nt･ W c wo uld liketothank GregoryLupto n
forhavingS uggested
Proposition 6･3･
§2 PR E L I M I N A R I E S
we begln Withs om e w ell
-kn ow n re s ults･ T he nrstis the unive rsalc o e組cie nt
the ore m for ho m otop ywithc o efncie nts[H i,p･ 3 0]･
2.1 T he ore m . Thereis a sho rt e ∬actS equen c e
o l Ext(a, 打 n .1(X))1 汀 n(a;X)うHo m(a, q n(X))→ 0,
whe r e入(I) - f#n : a F - n(M(a, n) う 7r”,(X)･
W e obtain thefollo w ing COrOlary･
2.2 Co r olla ry. LetI,g : M(a, ”) 1 M(G
′
,
n)be m aps andlet a befre e- abelia n･
Then I - .g ～ J
'
* n
- a. ” .
Next w ehavethe Bュake r s- M a ss ey七he o r e m[Hi, p･ 49]･
2.3 T he o re m. Giv e na c oPbr atio nX B E 31 Y with X(良 - 1)- c onne cted andy
(A - 1)- c orm e cted, k,A ≧ 21 The nfo r a ny abelia n gro up a a nd allr'も< k ＋e
- B,
thereis an e∬a ct seque n ce
汀 m(a;X)竿 灯 m(a;E)当 町 m(a;Y)阜 打 m - 1(a;X)→ -
IfG isfre e- abelia n, the nthe s equ e n ceis e ∬αctfo r m≦ k ＋e
- 2･
we als owilln e ed thefollo wlng Pr OpO Sitio n･
2.4 Pr opo sitio n . IfX is(k - 1)- con ne cまed a ndy is(A
- 1)- c o n ne cted, k,A≧2,
and dim P < k ＋e, then the pro3
･
ectio n sX v Y → X a nd X v Y → Y indu c ea
bije ctio n
【p,x v y]A [p,x]o[p,y]･
propo sition 2 Ais a c on
.
s equ e n c e of[Sp2, P･ 405]sin c etheinclusion X V Y )
X x Y is a(k＋e - 1)-equ lVale nc e･
No wlet M(a,n)and M(G
′
, n)be Mo o r e･spa c e swith de丘ning c ofibre s equ e n c e s
M(5, n)⊥ M(a, n)斗 M(釈,n ＋ 1) and
M(5
/
,
n)ム M(a,, n)i. M(沢
′
, n ＋1),
wh｡re 首 a nd首
′
arefree- abelian, 粥 ⊆首, 沢
′⊆5
/
, a - 5/汎 and G
′
- 5
/
/n
'
･
2.5 Propo sitio n. LetI: M(a, n) → M(a
/
, n)･ T hen f*n - 0 ⇔ the re e xists
a : M(釈, n ＋1)1 M(5
'
, n)su ch thatf - i
′
aq･
pr o of. T he implic atio n
'
*
' is obviou s, s o w e show
'
*
'
･ Sinc e(fi)～ - 0 : H n(M
(首, n))1 Hn(M(G
'
, n)),fi - 0byCo r ollary2･2･ No w c o n side rtheBa r r aセセ
ー Puppe
e x a ct s equ e n c e ofthe definingc ofibr ation of M(a,n)
* ● *
[M(釈, n ＋ 1), M(G
′
, n)]3･[M(a,n), M(G
'
,n)]斗[M(5, n), M(G
'
,
n)]･
sinc ei*(I) - 0, there exists a : M(釈, n ＋ 1) 1 M(G
'
, n)s u ch that I - bq･
T herefore(q
/b). - 0, and s oq
/a - 0 by Corollary 2･2･ Then T he o r em 2･3 ap plied
tothe de丘ning c oabration of M(G
′
, n)yieldsthe ex a cts equ e n c e
. / /
打n .1(釈; M(5
r
,
n) 当 町 n .1(釈;M(a
/
,
n))当 町n .1(沢 ･, M(吋n ＋ 1))･
9
Sinc eqk(a)- 0,a - i
/
#(a) - i
′
afo r s o m ea ∈ 7Tn ＋1(rl;M(51･ n))･ lle n c eI - bq -
i/aq. 口
Next w c c onside r abeliam gr o ups Gl and G2 and Mo orc spa ces Ml - M(Gl, nl)
a nd M2 - M(G2, n2). Let X - MIV M2 - M(Gl, nl)v M(G2, n2)and de n ote
byi3
･ : M
3
･ → X thein clu sions a nd by p3
･
: X I M3
･ the pr ojectio n s, 2
'
- 1,2･ If
i: X I X ,then de丘n efjk : Mh う Mjbyfjh - P3･fik ford,A
.
- 1,2･
2.6 Pr opositio n. Thefun ctio n0 which a ssigns L
･
o e ach, i ∈ [X,X], the 2 × 2
m at,-ri.,I:
o(I) -(.;:ll fj::),
wher ef3･h ∈[Mk, M3･], is abijecL
.io n･ In additio n,
(1)
(2)
0(f＋g) - 0(I)＋0(a), s o0is a nis o m orphis m[X,X]ヰ O],k= 1,2【Mh, M3
･]･
a(fg) - 0(I)0(a), whe re fg de n otes co mpo sitio nin[X ,X] and 0(i)0(g)
de n ote s matrix m ul'tiplica-Lio n.
(3) Unde rtheide ntiPcatio nHr(MIVM2) - Hr(Ml)① Hr(M2), We ha l,af”(∬,
y) - (fll*r(x)＋f12 抑(y),f21* r(3;)＋f22抑(y)),for x∈ LIr(Ml) a nd y ∈
(4)
(5)
Hr(M2)･
unde rtheide ntiPc atio nIJr(MIV M2) - LI
r
(Ml)o H
r(M2), W eha vef抑(x,
y) - (fl
*
1
r(x)＋f2
*i
l
(y),flo,r(a)＋f2*2r(y)),fo rx ∈ H r(Ml)a ndy ∈ H
r(M2)･
Ifαr ‥ 7Tr(Ml)㊦ 7rr(M2)づ 7rr(MIV M2)a ndβr : 7Tr(MI V M2)1 7Tr(Ml)
⑳7Tr(M2)are 仇efw m om o rphis msindu cedbythein clu sion s andprojection s
r espectively, the nPrf#cyr(a,y) - (fll#r(x)＋f12#r(y),f21#r(x)十f22#r(y))
fo rx ∈ 7Tr(Ml)andy ∈ 7Tr(M2)･
pro of. Cle arly[X, X] 牝 [Ml,X]o[M2,X]･ But[M,I ,X]穴～[M,
･
,
Ml]申[M,･ , M2]
by Pr opo sitio n2.4forJ - 1,2･ T he rest of the pro of is straightfor ward a nd he n c e
o mitted. □
Next let a be aani七ely- ge n erated abelian
,
group and w rite a - F o T, where F
is afre e- abelian gr o up ofnnite rank a nd T is a 丘nite gro up･ Le t il and i2 bethe
inclusions of Fand T irltO a a nd letpl a ndp2betheproje ctions ofG onto F andT･
If¢: G I ais aho m o m o rphis m , set4,l l - PIQil : F I F,4,2 1 - P24,il : F う T,
4,1 2 - Pl¢i2 : T 十 F a nd4,2 2 - P2¢i2 : T I T･ T he nfor x ∈ F a nd3/ ∈ T,
¢(∬,y) - (めll(x),¢21(x)＋4･2 2(y)),
sin c e¢1 2∈ Ho m(T,F) - 0･ The proofofthe n extpr opo sitio nis cle ar･
2･7 Pr op o sitio n:
With the abo v en otation, ¢: a → a is a niso morphis m ⇔
¢11 a nd¢22 a re %SO m OrPhis m s. Furthe r m ore, ¢ - 1 ⇔ めll - 1, 4,22 - 1 and
¢21 - 0.
§3 M o oR ESp ACES
In 七his s ectio n a ndthe n ex七 we studythe s elf bo m otopyequ l V ale n c e s of Mo or e
a nd c o- M o o r e spa c esby ln e a n S Of 2× 2 m atrice s･ This m ethod w a s
･
u s ed e a rlier
by Sieradski 七o stndy tlle S elf hoⅡ10tOpyequiv ale n c esof a ca rtesia nprodu
ct[Si]･
Let a be afinitely- generated abelian gr o up a nd w rite a
- F o T) whe re F is a
fre e- abelian gro up ofra nk r andT is afinite abelian gr o up･ We c onsiderthe Mo ore
l O
チpac eX
- M(a, n) - M(F, n)v M(T, n)for n ≧ 3･ We s et Ml - M(F,n)which
lS a W edge ofr n - spheres, and M2 - M(T, n)whichis aw edge ofspa c c s of thefo r m
M(Zm ,n) - Sn u m en ＋1･ T hro ugho ut this s e cL･io nX willde n ote the Mo o re spac e
M(a,n) - MIV M2 .
We n ow letI∈[X,X]andus ethe n o七atio n of§2s otha七f3･k - Pjfik ∈[Mk, M,.],
for3
1
,A - 1,2･ T hen I∈ f(X)令 I.” is a nis o m o rphis m. By Propo sitio n s2.6 a nd
2･7
,
w e c an ide ntifyI∈ E(X)wi th the 2 × 2 m atrix
(ff::ff:)
whe re fl l∈ S(Ml),f12∈[M2, MIつ, f2 1∈[Ml, M2]a ndf22∈ f(M2)･ T he gr o up
str u ctu r ein f(X)isthen give nby m atrix m ultiplic atio n.
Now we inve st,igate the s ubgro up f
*
(X) - (I ∈ f(X)lf*i - 1, fo r all i) of
f(X)･
3･1 T he or e m･ Letf∈ E(X)be 9ive n as
f - はぎ……)
withfll∈ E(Ml) andf22 ∈ f(M2)･ The nf ∈ f*(X) ⇔ Ill - 1 andf22 ∈
f*(M2)I If f,g ∈ E*(X), then
fg -(fl,1享;≡)(9…1冨……)-(f21エg21 f21gf:…Igf:…g22)I
Pro of. The c oho m ologyof Xo c c u r s onlyin dim e nsio n sn and n ＋1 and
H n(X) = H
n
(Ml)o H
n
(M2) - H
n
(Ml) - F a nd
H n ＋1(x) - H
n ＋l(Ml)o H
n ＋1
.(M2) - H
n ＋1(M2) - T.
By Pr opo sition 2･6,f*(I,y) - (fl
*
1(∬),f2*2(y))for x ∈ Hk(Ml) and y ∈ Hk(M2).
T hu sf*k - 1 for k - n, n ＋ 1 ⇔ fl*1n - 1 a nd f2
*
,
n ＋1
- 1. But ど*(Ml) - 1by
co r olla ry2.2, s ofl*1n - 1 * Ill - I. Als of2
*
,
n ＋1
- 1 * f22. n - 1bythe u niv ers al
c o e氏cie nt the o r em fo r c oho m ology. T his pr o v esthe first as s e rtio n.
To e stablis･htheform ulafortheprodu c七fgi七s ufnc e sto show (1)f21＋f22g21 -
f21 ＋g2 1, i. e･ , f2 2g2 1 - 92 1, and(2)912＋f12g2 2 - f12＋ 912,i･e ･,f1292 2 - f12･
For(1), n otethat(f2292 1). - g2 1. Sin c ef2 2. - 1･ But thisimplie sf22921
by Corollary2.2.
Fo r(2),let
./ /
M(5
/
, n)ち M2 3＋ M(好, n ＋ 1)
921
be the de丘ning c ofibre s eque nce for M2 - M(T, n), where T - 5//粥′ and 5′
fre e- abelian . Sin c e(g2 2 - 1). - 0 : T ) T, by Pr opo sitio n2･5the r e e xists a:
M(升 , n ＋ 1) 1 M(5
/
,n)s u ch that92 2 - 1＋i′aq'･ The n
f12g22 - f12(I＋i
/
aq
'
)
- f12＋f12i'aq/
- f12
1 1
sinc e(f12i′)* - O a nd s of1 2i' - 0. □
Next w e c o n siderf*(X) - (I∈ ど(X)lf. n - 1). Let T - T
/
o p, where T
′isthe
2-prim aryto r sio n s ubgr oup ofa a ndP isthe s u m ofp-prim aryto r sion s ubgro ups
ofGfo r allprim es p≠2･ Thu sT′ - Z2al (D･ ･ ･ O Z2a 8 , Where aβ ≧1. We w rite
M(T
′
,
”)asMT,, M(P, ”)asMp a nd M(Z2aβ ,n)asNp,fo rβ - 1, . . . ,a. T hen
M2 - M(T, n) - M(T
'
,n)v M(P, n) - MT, V M p and
MT, - M(Z2al ,”)v . ･ ･ V M(Z2a G , n) - NI V - V Ns .
Le tjα ‥ Sn ぅ Ml be the in clu sio n of Sn o nto the αth sphe r e of Ml a nd let
pQ ‥ M l う S
n be the proje ction o ntot･･he αth sphe r e, α - 1, . . ., r. Simila rlylet
kβ: Np 十 M2 a nd rβ : M2 う Npbetheβthin clu sio n a ndproje ction, r e spe ctiv ely,
for β - 1, - , s･ Let Sn 箪 Np 男 sn ' 1be the de丘ning c o丘br atio n of Np amd
･]n ∈ 7Tn ＋1(Sn)the n on -trivialclas s･ T he n w ede触 e uαβ ‥ M2 1 Ml tO be the
c o mpo sitio n
M, 巧 Np卑 s 叫
1 当 sn ls
'
Ml,
α - 1, - , r a ndβ - 1, ･ ･ ･, s a nd we de丘n e v76 : M2 1 M2tO bethe c o mpo sitio n
M, 斗 N6 卑 sn '1顎 sn ち N7当 M2,
7,♂ - 1, - ,β.
(宝;享…≡)3･2 T he or e m･ Letf ∈ S(X)be giv e nbyI - withfll ∈ f(Ml)
andf22 ∈ f(M2)･ T he nf ∈ f*(X) ⇔ fll - 1, f21 - 0 indf22∈ ど*(M2). If
I,g ∈ ど*(X), the n
fg -(去宝喜)(S冨……)±(吉flf222'9,9212)･
Furthe r m ore,
(γ＋ β)β
f*(X)FS 0 z2,
whe re rthe ra nk ofG andsisthe nu mbe r ofB-to r sion s u m mandsin a. In addition,
gen erators off*(X)c o n sit ofall
屯αβ -(去 u;β) and 石7∂ -(吉1.Ov78),
wher･e α - 1, . ･ . ,r a ndβ,7,6 - 1, . . . ,s .
Pro of･ We have I ∈ f*(X) 令 I. n - 1･ By Pr opo sitio n2.7, this is equiv ale nt
to fll ∈ f*(Ml) - 1, f22 ∈ f*(M2)and f21.n - 0 : F 十 T. Butby Corollary
2･2 the latterimplie sf21 - 0 : Ml う M2. T his pro v e sthe 丘rst a ss ertio n. T hu s
E*(X)⊆ f
*
(X) (whichis e a sily pro velldir e ctly)ands othefo r m ulaforf9follo w s
fr o mT he ore m3.1.
1 2
Next f*(X)F3[M2, Ml]o S*(M2). But
[M2, Ml];Y7Tn(T;Ml)
F3 Ext(T,7Tn ＋1(Ml))
F5Ext,(T, F ㊨ Z2)
γ
FY Ext(Z2al 0 - ･ O Z2ag , O z2)
-ゐz｡.
Now c o n sider f*(M2)I Le七 Z*(M2)⊆[M2, M2]c o n sits of all ho m otopy clas s e s
which are zero o nhol nOlogy･ T hen by T he o r e m2.1 w e have the shor七 e x a ct s e-
(1u en C e S
1
o - z*(M2) → [M2, M,] 与 Ho m(T,T) → 0
1討
o - Ext(T, 打 n '1(M2))- 汀n(T;M2) ヰ Ho m(T,打n(M2))→ 0,
s
2
whe r eH(h) - h･n ･ T hu sZ*(M2)砧 Ext(T,7Tn ＋1(M2))FY Ext(T,T ⑳ Z2)Fd⑳ Z2.
we next s e ethat ど*(M2)枯 g*(M2)･ T hereis abijec七io n?: Z*(M2)→ f*(M2)defin ed by p(a) - a ＋ 1,fo r9 ∈ Z*(M2)･ We sho wthatp IS aho m o m o rphis m :
p(9＋h) - 9＋h＋1 a ndp(a)p(h) - (9＋1)(h＋1) - 9h＋g＋h＋1. Thu sits u瓜c es
to show gh - 0 for9,h ∈ Z*(M,). Let M(5
,
,n)i;M2 与 M(9t/, n ＋ 1)bethe
de丘ningc ofibr es equ e n c e of M2･ ByPr opo sition 2･5,there e xista,a: M(n', n＋1)う
M(5',n)such that
g - i
/
aq
'
and h- i
/
bq
'
･
T hu s9h - i
′
aq
′i'bq
′
- 0 sin ce q
′i/ - 0･ Thi白c o mplete sthe pro ofthat f*(X)FY
(r＋β)β
⑳ Z2 .
Final ly, it is straightforw a rd to verifythat the ele m e nts de s c ribedin The o r em
3･2 ar ege n e r ators. □
3･ 3 Re m ark･ Theor占m 3･2 sho w stha七 ど*(X)is alw ays abelia n a ndis the trivial
gro up if and o nly ifa has n o2-torsio n･ We als o n ote thatthe de c o mpo sitio n
ofど*(X)into adire ct s u m ofRZ2
'
s c o uld ha v ebe e n obtain ed dir e ctly u singthe
isom o rphis m ど*(X)Ft;Z*(X).
We n ext c o mpa r ef*(X)and ど*(X)･ Le 七L :f*(X) 1 f*(X)bethe inclusion
and de丘ne p:f
*(X)う Ho m(F,T)by p(I:1宝≡)- (f21). n : F ) T.
3･4 Propo sitio n･ Thefollowingis a splitsho rt e x act s eque nc e
o → ど*(X)う ど
*
(X)阜 Ho m(F,T)う 0,
and s of*(X)is a s e mi-dire ctproduct off*(X)byHo m(F,T).
Pro of･ By The o r e m3･1, pis aho m o m orphis m･ Furthe r m ore, Ke r n elp - Im age L.
We define aho m o m o rphism o
･
: H o m(F,T) う E*(X)s u ch that per - 1. Let
13
a :F ぅ T be a ho m om orphis m a nd a: Ml l M2 bethe c o rr e spondingho m otop y
cla s s. Then we s et
q(a)〒糾)
･ □
3. 5Re m arks. (1)T he order ofthegro upf*(X)isgive nbylf
*
(X)I- ITI
r
x2(r＋s)a
(2) Proposition 3 Agive s e x a mples of Moo r cspa c e sX - M(a, n)s u ch that
E*(X)≠ど
*
(X)･ Simply七ake a ny G - F o T wi th F≠O a nd T≠0･
(3) As a co n s equ e n c e we hav ethe follo wing pa rtialrealizatioll reS ultJ fo rf
*
:
IfAis a ny-finite abelian gr o up wi tho ut2-to rsion, thereis a space X su ch
that f*(X)FY A. Justs e七 X - M(Z ① A,n)･
We n e xt determin ethe e xte nsion in Pr opo sition 3.4. We u s ethe notatio n of
T he o re m 3.2 and Proposition 3.4. For α - 1, … ,r and β - 1, - ,s, we defin e
wβα : Ml う M2 a Sthefollo w l ng C O mPO Si七io n
MI
P
j Sn 笥 Np聖M,.
Iffp｡ ∈ Ho m(F,T)is wβα *n ,then q(fpα) -(wlp伐 冒)∈f*(X)I Now let H⊆
f*(X)bethe subgroup generatedbythegeneratorsiicxJβ′ -
(10
(去.ual
Iβ')a - ♂ -
1.
O
v
76)of E*(X)and apα -(wlpα 冒), wher e α, α′ - 1, ･ ･ ･ ,r andβ,β′,7,6
1, … ,s . T he n七he a ctio n of Ho m(F,T)on f*(X)in Propo sition 3･4 is giv e nby
(1) ap
-
a
l菰α ′β′ wpα -(1 uc{p
,
0 1＋ wβα u α β′) and
(2) ap
-
a
l
石76aPα - V76 ･
In(1)ifα ≠ α
′
, wβα uα ′β′ - 0;ifα - α
′
,
w βα uαIβ′
- Vpβ′ ･ F urther m or e, Ho m(F,P)
clearly a ctstrivialy on f*(X)･
Re c all that a gr o up ha s nilpoten cy ≦ 2 ifallc o mm ntators of length≧ 3 are
trivial.
r
3.6 T he o r e m. T he gr o up f
*
(X)isis o morphicto H o O P ･ Mo reo v er, H isthe
s emi-dire ctproduc舌 ofど*(X)with Ho m(F,T
′
)witha ctio n ofthelatte rgroup On the
fo rm e rgr o up giv en on gener ato r sby(1)and(2)･ In additio n, nilf
*
(X)≦2, and
f*(X)is abelian ifa nd o nlyifr - 0 or s - 0･
pro of. Onlythela st a ss ertio n r equir e spr o of･ Ite asilyfollo w sfr o m(1)a nd(2)that
tlle C O m m utatOr
･滋dP,,aPa] - &a7p/ ap
-
a
l
菰α,βI 由βα -(去βpli
f
f;≡
a
a
I
,
,
a nd c o mm utators ofal 1othe rgen e rato r s aretrivial･ T hethe o r e mno wfollo w s･ □
We n extgive a simpleillu str ation of The o re m 3･6 in thefollow i ng C Or Olla ry･
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3･7 Co r olla ry･ f
*
(M(Z o Z2, n))Ft5D4, ike dihedralgro up with 8ele m e nts･
Proof･ Let A - ど*(M(Z(DZ2, n)). By Re m a rk3･5(1), A has 8 ele m e nts which a r e
repre se ntedby m atric e s
(fl,1i:2,),
wheref2 1∈ 7Tn(M(Z2,”)),f12 ∈ 7Tn(Z2;Sn)a ndf2 2 ∈f*(M(Z2,r2,))I Co n sider七he
de丘ning coabre sequenc eS
n ilM(Z2, n)ム sn ･1 ｡f M(Z2, ”)and defin e x,y ∈ A
by
lJ
l
-(:, 1 .
r77
i
t
,
q
r)
'
nq
′) and y -(%T/?)･
(In the n ota七io n of T heore - 3･6, ∬ -(エ冒)(Alil)and y -(こ:)I)
Cle arly x ha s order4, yha s order 2 a ndyxy - x
- 1
･ T her e･fore A R3D4･ □
No w w etu r ntothe gro up錯m 'r(x)- (I∈ ど(X)If#i - 1,fori≦dim X ＋ r),
where r ≧ 0.
3･8 T he o r e m･ Fo r･ the Moo r espac eX - M(a, ”)∫
(1)
(2)
錯m(X) - f*(X) a nd
錯m '1(x) - 1, ifn > 3･
Pro of. If aisto r sio n-fr e e, dim X - n a nd the the ore mfollows e a sily. No w as s um e
T ≠Osothatdim X - n ＋ 1.
(1)Iff: X I X ,the nf#n - 1 ⇔ i. n - 1bythe Hurewiczt,he o r e m･ Ther efo r e
its u氏c e sヤo sho wI ∈ E*(X)⇒ f#n＋1 - 1･ Considerthede丘ning c on bre s equ en ce
M(5, n)斗 x 3i M(釈, n ＋ 1)of X . By Propo sition 2･5, I - 1 ＋ iaqfor s o m e
a : M(釈, n ＋ 1) 1 M(5, n)･ Butf#n ＋1 - 1 ＋i#n ＋1a#n ＋1q#n ＋1･ Howeve r,
G ⑳ Z2 - 汀 n ＋1(X)
q聖与1 1rn ＋i(M(釈,n ＋ 1))- 釈,
a nds oq#n ＋1 - 0･
(2)We have 錯
m '1(x)⊆ f*(X)･ First n ote that ifa has n o2一七o rsio n, the n
錯m '1(x)- 1sinc e･ f*(X) - 1･ No w s uppo s ethata ha s s s u m m a nds of 2-to r sio n,
s ≧ 1. W e w rite T - T
′
o p, w here T
′isthe2-torsio n s ubgro up and P isthe s u m
ofallother p-torsio n s ubgro ups･ T hen T
′
- Z2al 0 ･ ･ ･ 0 Z2a s ･ IfI∈ 錯m ＋1(x),
the n
f -(去f:z),
wher ef22∈ f*(M2). Als o7Tn ＋2(MIV M2)F - n ＋2(Ml)⑳ 打 n ＋2(M2)by Pr opo sitio n
2.4. He n c eby Pr opo sition 2･6,
(x,y) - (a･ ＋f12#(y),f22#(y)),
fo r e v e ry I ∈ 7Tn ＋2(Ml) andy ∈ 7Tn ＋2(M2)I T hu si七s u氏c e s七opr o v e
(i) (f12)#n ＋2 - 0 * f12 - 0 and
(ii) (f22)#n ＋2 - 1 andf22∈ f*(M2) 辛 f22 - 1･
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For(i),let MT′ - M(T′, n)a nd Mp - M(P, ”)ands oM2 - MT, V M p . T he n
f1 2lM p ∈[Mp , Ml] - 7Tn(P;Ml) - Ext(P,F ⑳ Z2) - 0, and sof12lM p - 0. No w
let M T′ - NI V ･ ･ ･ V Ns , w her e Na - M(Z2a α , n)an°let kα ‥ Na ぅ M2 be the
/
in clu sion ･ It sufRc e sto show f12kα - 0 for α - 1, … , s･ Let M(5,, n)Ei M 2 3＋
M(9r, n ＋1)bethede丘ningc ofi bre s equ enc e ofM2 - M(T, n). By Propo sition 2.5,
there exists a : M(粥′, n＋1) ぅ MI S u Ch thatf12 - aq′ ･ Letj｡ :Sn ＋1 ぅ M(9r,n ＋
1)betheinclusio no ntothe αth sphe re, α - 1, … , s, and let aα - aj｡ :Sn ＋1 ぅ Ml.
T he n aα - (elr7rい - ･ , er %), Where ei - 0 or 1. Sin c ethe diagr a m
Na 与 M2
1恥 1q, ＼∫1 2
sn ＋1 ム} M(9T,n ＋1) 斗 Ml
is c om mutative) its ufRc e sto sho w that aα #n ＋2qa# 叫 2 - 0 implie s aα - 0? for
α - 1, - ,s ･ Sin c e n> 3,thefollo w l ngS equ enc eis e x a c七by Theo re m2.3
o → w n .2(Sn) 土整} qn .2(Na) 丑ち 汀 n .2(Sn .1) → o.
Z2 Z2
Cho o s e x∈ 7Tn ＋2(叱)s u chthatqcr#(x) - r]n ＋1. The n
O - a｡ #qa#(a
･)
- aα #(T7n ＋1)
- (elT7nT7n ＋1, ･ ･ ･,err7nr7n ＋1).
Sinc ennqn ＋1 ∈ 7rn ＋2(Sn)in age n erato r ofZ2, ei - 0fo r all i. Thu s aα - 0.
T he proof of(ii)is similar and he nc eo mitted. □
§4 Co- M o o R ESp ACES
Let a be a丘nitely- ge n e rated abelia ngro up and w rite a - F o T, where F is
fr e e- abelian ofr a nk;a ndT is afini七e gr o up･ Let n ≧3 andde n otebya(a,n)the
c o- M o o r e spa c e ofty pe(a, n)de丘ned by
′ 〉
●
Hも(C(a,n))-〈喜
a i = n
i≠ m .
We n otethat a(a, ”) - M(F,n)v M(T, n - 1)I We adopt thefollo wing n otatio nin
this s e ction : Y den ote sa(a, n)withn ≧ 4, Ml de note s M(F, n)and Mide n otes
M(T, n - 1)･ The prim ein Miisto distinguish Mifro m M2 - M(T, ”)of§3.
Giv e nI ∈[X,Y] - [MI V Mi, MI V Mi]w e obtain asin§3, I,･た - Pjfik ,
fo rd,k - 1,2, whe r efl l∈[Ml, Ml], f21∈[Ml, Mi], f12 ∈[Mi, Ml]and f22 ∈
[Mi, Mi]･ By Proposition 2.6 theide ntific atio n ofI withthe2 × 2 m atrix
(i::
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宝22)
is a bijection c o mpatible wi 七hm ultiplication(i.e . , c om position and m ati･ix m ulti-
plic atio n)･
In this section w ein ve stigate f
*(Y), f*(Y)a nd ど.d
im ＋舌(y)･ T he dis c u ssion of
E*(Y)andE*(Y)is c ompletely a nalogo u stothatoff*(X)andf
*(X)in§3･ The r e-
fo r ew e state m o st of the re s ults witho utproof･ Ⅲow e v e r, s e eRe m ark 4･9fo r anot her
approa ch . Cle a rlyI∈ど(Y)c o r r e spo ndsto七he 2 × 2 m atrix
(ff.:ll ff:2,)
whe r efl l∈ f(Ml),f21 ∈[Ml, Mi],f12 ∈[Mi, Ml]andf2 2∈ f(Mi)･
4.1 The o r e m. I ∈ ど*(Y) ⇔ Ill - 1 a ndj
･
'
2 2∈ ど*(Mi)- f*(Mi)･ Fu rther m ore,
if f,9 ∈ f*(Y),
fg -(f121 fj…22)(g121 gg…2,)-(f21工g,1 f12＋ g1 2f21g12＋f22g2 2)
4.2 T he o r em . I∈ f*(Y) ⇔ fll - 1, f1 2 - 0 a ndf22∈ f*(Mi)･ Furthe r m o re,
if f,a ∈ f*(Y),
fg -(f121 I:2)(gl,1 a:,)-(I,1ig,1 I,,
0
9,2)･
In additio n,
(γ＋β)β
f
*
(Y)FY 0 z2,
where r isthe r a nk ofG a nd sisthe n u mbe r ofsu m ma nds ofthefo r mZ2a in G･
proof. W e briefly c om m e nt o nthe la st as se rtion ･ We have S
*
(Y)Ft3[Ml, Mi]⑳
γβ
f*(M;). By T he o r e m3･2, ど*(M;)F5 0 Z2･ N?w [Ml, Mi]- 7Tn(F;Mi)-
γβ
Ho m(F,7'n(Mi))- Ho m(F,T ㊥ Z2) - ⑳ Z2･ The r e s ultfollo w s･ □
In the dis c ussio npr e c eding The ore m 4.8 w eindic atethe ge n e rato rs of ど
*
(Y)in
a n alogyto The o r e m3.2. Als o w edis c u ssf*(C(a,3))and f
*
(C(a,3))in Re m ark
4.10.
Ne xt we c onside r錯
m(Y)･ Note that Y - MI V Mihasdim e n sio n na nd s o
錯m 't(y)is七he set of alf∈ f(Y)s uch thatf#i - 1fori≦ n ＋t･
4･3 Le m ma ･ 錯 m(Y)⊆ f*(Y)･
pro of. LetI: Y ) Y withf#n - 1 - 1 andf#n - 1･ We have the c o m m utative
diagra m
汀i(Y) +聖う 汀i(Y)
lhi lhi
Hi(Y) + 土1 Hi(Y),
where hiisthe Hu rewicz ho mo m orphis m･ Ifi - n
- 1) hi lS anis om orphis m) a nd
so f* n _ 1 - 1. If i- ” , hiis an epim orphis m and so f* n - 1･ □
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4. 4 Pr opo sitio n. Co nside rthe ele m e nt
f -(fl,1宝2,)∈ f# ),
wheref2 2 ∈ ど*(Mi)･ The nf ∈ 錯m(y) ⇔ f21 - 0･ Forf,a ∈ 錯m(Y), the
producti$ give nby
fg -(三言……)(A冨…22)-(去f12 ＋g12f22g2 2)･
Pr o of. IfI ∈ f*(Y), then
f#n(x,y) - (x ＋f12#(y),f21#(∬)＋f22#(y)),
for x ∈ 7Tn(Ml)and y ∈ 汀 n(Mi)by Propo sit,ion 2･6･ Butf12# : 汀n(M妄) - T ⑳
Z2 → 7Tn(Ml) - F is z e r o･ M o r e ove r,f2 2∈ f*(Mi)- 錯
m
(Mi)by The o r e m3･8･
TIlerefbreJ22# - 1 a nd s o
f#n(x,y) - (x,f21#(I)＋ y)･
Henc ef#n - 1 * (f21)#n - 0･ Now we show (f21)#n - 0 * f21 - 0･ Consider
the ho m o m o rphis m ofthe u niv e rs alc o eEicie nt the o r e m(2･1)
[Ml, M;]- 7Tn(F;Mi)うHo m(7Tn(Ml),7Tn(Mi))- Hom(F,7Tn(M;)),
where A(a) - g#n ･ Sinc e Ext(F,7Tn ＋1(Mi))- 0, Ais an is om o rphis m･ Thu s
f21#n - 0 ⇔ f21 - 0･ T his c omplete sthe pro of･ □
4･5 Co r o1.a ry･ f?-(Y)-(あT)o(晶z2)･
pro of･ By Pr opo sitio n 4･4, 錯
m
(y) 討 [Mi, Ml]o f*(Mi)･ How eve rf*(Mi)pd
β
2
0 Z2byT he ore m 3.2. Further more,[Mi, Ml] - 7rn - 1(T;Ml)FY Ext(T,7Tn(Ml))～-
γ
Ext(T,F)F3 0 T･ □
Itfollow s that 錯m(Y)and S*(Y)ar edistin c七 gr o upin ge n e r al･ This differs
fr o mMo ore spa c e sX sinc e瑠
m
(X)- f*(X)･
By T heo r e m4･2, f
*(Y)⊆ ど*(Y)and by Le m m a4･3, 錯m(Y)⊆ f*(Y)･ We
de n otethe s einclu sion m apsby i :ど
*(Y)→ f*(Y)a ndfC :錯m(y)1 ど*(Y)･ T he r e
a r eho m o m orphis m s p ‥ E*(Y) 1 Ho m(F,T)a nd T :E*(Y) 1 Ho m(F,T ⑳ Z2)
de丘nedby p(I)- fl
*
2
n
‥ F ぅ T and 7-(I) - f21#n : F 1 打n(Mi,) - T ⑳ Z2･
4.6 Pr opo sitio n . Thefollo wing are SPlitsho rt e x a ctsequ en ce s
o ぅ f
*
(Y) -tif*(Y)阜 Hom(F,T)づ O and
o → 錯m(y)阜 f*(Y)与 Ho m(F,T ⑳ Z2)→ 0･
We m ake s om e re m arks on the pre c eding results.
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4･7 RerT- ks･ (1)By T he ore m4･2, ど*(Y)is abelian , a ndf
*
(Y) - 1 ifa ndo nlyif
a ha sn o 2-to r sio n.
(2)The order ofthe gr o up f*(Y)is given bylf.(Y)I- ITIx 2(
r＋s)s
. T his
(3)
(4)
follo w sfro m either exa cts equ e n c e of Propo sitio n4.6.
We e asily obtain ex a mple sfr om Pr opo sitio n4.6 ofc o- M o ore spa c e sY with
f*(Y)≠f*(Y)a nd錯m(Y)≠E*(Y)･
We obtainapartialr e alizatio nr e s ultfro m Propo sition 4.6: Give n anyfinite
abelian gro up A withou七 2-torsion , then f*(C(Z o A, n))Fuim(a(Z ①
A, n))Fe d .
Next w e deterIIli le ttle e XteIISiollOftlle 丘rst e x act s equ e n c e ofPropo sitio I14.6
(the s e cond ca n be obt ain ed similarly)in analogy wi 七h T heore m 3･6･ We nr st
define c ertain gene r ato r s off*(Y)･ Asin §3 w e w rite T - T/ o p and s et Mi,/ -
M(T/,n - 1)and M3, - M(P, n - 1)･ Fu rtherm or e, T′ - Z2¢ 1 0 ･ ･ ･ O Z2a s and w e
s et Nb- M(Z2aP , n - 1)･ Now let ∬p｡ : Ml l Mia ndy76: Mi l Mibe de丘n ed
a sthe re spectiv e c o mpositions
MI
Pj Sn
叩
顎
1
sn
- 1 卑 Nb聖 Mi a nd
MiriNi卑 sn
り
顎
1
s
n - 1 ち叫5 Mi
for α - 1, ･ ･ ･,r a ndβ,7,6 - 1, ･ ･ ･ ,s ･ Notethat the s u spe n sio n ofy76is.the m ap v76
of§3･ The nf
*
(Y)isgeneratedbythe ele m ents
軸α -(x三α 冒) and lj76 -(去1.Oy76)･
Now defin e zαβ : M;1 Ml a Sthe c o mpo sitio n
Mi巧 Nb卑sn 卑 Ml,
fo r α- 1, … , r andβ - 1, … , s . In the splitex a ct s equ e n c e
o → f*(Y) ⊥} E*(Y) さ Ho m(F,T)
(T
the 2-to r sion part, of Im ageo
' is gener ated by al 1
z
-
αβ -(吉 z;p)･
+ 0,
Let H ⊆ f*(Y)be the s ubgr o up声en er ated by all軸
′
α
,
, 如 a nd 乏αβ･ T hen the
a ctio n ofHo m(F,T)o nど
*
(Y)is glV en by
(1) 瑞 ap,α′ l
-
αβ -(xptα′ 1. XPO,α ′z｡β) a nd
(2) 乏a
-
p
l
g76乏αβ - y78･
In(1),ifα ≠αI, xp,α′z｡β - o;ifα - α
′
, xβ′α′ zαβ - yp,β･ Furthe rm ore, Ho m(F,P)
a ctstrivially o nf
*(Y)･
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γ4･8 T he o r em ･ T he gro up f*(Y)isiso m o rphic to H o O P . Mo re ov e r, H is the
se mi- directprodu ct off
*
(Y) with Ho m(F,T
′
) withthe a ction ofthelatte rgr o up
o nthefor me rgroup give n by(1)art,d(2)･ In additon, nil f*(Y)≦2 andf*(Y)is
abelian ifand o nlyifr - 0 o rs - 0.
4･ 9 Re ma rk･ Itfollow sfr om §§3 a nd 4 thatfo r n> 3,
f*(M(a, n))Ft3f
*
(C(a, n)) a nd
f*(M(a, n))FYf*(a(a, ”)),
we explain tよis by appe alingto S- dualitythe ory(f.r m ore details, s e e[Spl]alld
[Sp2, p p･ 462-63])･ First n otetlat under s u spension
f*(M(a,3))Ft3f*(M(a,4))Rj ･ ･ ･ and
f*(M(a,3))Ft3f
*
(M(a,4))Ft; -
Thu sw edefine stablegr o ups Ofequiv ale n c e sbyS.SR4(a)- f*(M(a,n))a nd f8*tM(a)
- f*(M(a, n)),fo r alln ≧ 3･ Si milarlyfo r c o- M o o r e spa c e sa(a, n)with n ≧ 4,
w e obtain stable gr o ups fs
*
*
C(G) and f.sb(a). Now let X - M(a, n)be aMo ore
spa c e a nd X
* be the N -dualof X . T he n X * is a c o- M o o r e spa ce a(a, N - n)･
Fu rther m o r e,fo r a nyspa c e sA a nd B,thegr?upofstableho m otopycla 8 S eS(A･B)i8
is om orphictothe gr o up(B
*
,A
*
)unde r an lS O m OrPhis m that reve r s e s c o mpo sitio n･
Fro m tllis w e e a sily obt ain that ど.
SL4(a)is a nti-is om o rphic to Ss*tC(a). Thu s w e
c oncludethat f*(M(a, n))砧 f*(C(a,n))･ Bystarting witha c o- M o o r e spa c e a nd
takingits N - du al, w e simila rly c oncludethatf*(a(a, n))符 f
*
(M(a, n))･
4･1 0 Re ma rk･ We co m m e n七 on f*(a(a, n))a nd E
*
(a(a, n))whe n n - 3. T hen
Y - C(a,3) - M I V Mi, where Ml - M(F,3)a nd Mi - M(T,2)･ T he ore m s
4.1 a nd 4･2 and Pr opo sitio n4･6 hold forY - a(a,3)withthe e x c eptio n ofthe
dir e ct s um de c o mpo sitio n of f
*
(Y)in The ore m 4.2. To obtain ade c o mpo sitio n
for ど*(Y)we pr o c e ed asin the proof of T heor e m4･2 and c oncludethatf*(Y)f3
Ho m(F,7T3(Mi))a Ext(T,7T3(Mi))･ Bu七 7T3(M;)- r(T), whe r eris Whitehe ad
'
s
qu adr aticfunctor(s e e[Wb]a nd[Ba, p. 2 68]). T hus we ha v e
γ
s*(y)-(Or(T) o Ext(T,r(T))･
Ne xt we c onsider錯
m ＋1(y)I Notetha七[NL,Sn] - 7Tn - 1(Z2a α;Sn) -- Ext(Z2a α ,
Z)FY Z2 叱 , Whe r eNi - M(Z2 叱 ,n - 1), a nd a gene r ato r ofthis gr o up is the
proje ction qck : Ni l Sn ･ T hu s ele m e nts of[Ni,Sn]c a nbe repre s e nted as
m αqα , m α - 0,1, - ,2
a α
- 1･
4･1 1 Pr opo sitio n･ Ifn > 4, the nthe 9rOuP錯
m '1(y)consists ofall
I -(吉fi2)
fo r mαβ - 0,2
Proof. LetI -
whe re
‥
,
2αα
f12: Mi l Ml is su ch thatppf12k｡ : Ni う Sn is m αβqa ,
- 2, a nd α - 1, … ,s a ndβ - 1, ･ ･ ･ ,r ･
(去宝喜)
and y ∈ 7Tn ＋1(Mi),
∈ 錯m(y), whe r ef22 ∈ f*(Mi)･ T he nfo r x∈ 7Tn ＋1(Ml)
f#(x,y) - (x ＋f12#(y),f2 2#(y))･
2 0
T husI∈ 錯m ＋1(y)令 f12#n ' 1 - 0 andf22#n .1 - 1. Butthelatteris equivale nt
to f2 2 ∈ 錯m ＋1(Mi)･ T her efor ethisis equivalent to f22 - 1 by T heore m 3.8
sinc e n > 4･ Now c o nsider f12 : Mi → Ml a nds et h - f1,A T he n Mi - Mi′ v
Mb - Niv ･ ･ ･ v N3v ML a nd w e
.
c o n sider 叫Mb : Mb → Ml･ We have that
汀n ･1(Mb)- 0 sinc eitis a n extens l O n Of Tor(P,Z2)by P ⑳ Z2 a c c ord ingt｡§1.
T herefore(hJMb)#n ' 1 - 0･ He n c eh#n '1 - 0 ifa ndonlyif(pphka)#n .1 - 0,
NLら Mi与 Ml 当 sn ,
α = 1
,
･ ･ ･
,s,β - 1, - , r ･ Now c onsider the defining c o丘bre s equ e n c eSn - 1三等 Ni卑
Sn and the c orr e sponding ex acts equ e n c e(2.3)
o - 打 n .1(Sn
- 1
) 也 打n .1(NL)丑ち 汀n .1(Sn) → 0.
1(pph たα)#
Z2 7Tn ＋1(Sn) Z2
Weha v epph kα - m αpqa for s om e mαβ - o,1, - ,2
a -
- l･ It follo w sthat(pphkα)#i a# = m αpqQiα - 0･ C ho o se z ∈ 7Tn ＋1(NL)s u chthatqQ#(I) - qn ∈ 打 n .1(Sn).
T he n
(pphkα)#(I) - m αβqa#(I)
= m αβr7n ･
T hu s(pph kα)# - 0 ifa nd onlyifm αβis even t T herefo r e七ho s e m apsf12: Mi づ
MI Such that(f12)#n ＋1 - 0 a r epr ecis ely 七ho s e s uch thatppf12kα - m αpqa for
m αβ = 0,2, ･ ･ ･ ,2
aα ⊥ 2
,
whe r e α- 1, - , s andβ - 1, … , r . □
W e have T - T/ ⑳ P) where T
/
- Z2al O ･ ･ ･ ㊦ Z2a 8 ' a nd w eden ote by 2T
′the
s ubgr o up ofT
/
whichis repr e s e ntedin e a ch c o mpo n e ntby an e v e nintege r･
4･1 2C orolla ry･ Po rn > 4,
γ γ
錯m ＋1(y)FY 0(2 T′ o p) p5 0(zュal - 1 0 ･ ･ ･ O Z2as - 1 ㊦ P).
For a ny spa c eX ,let f#W )-
七9.錯
m 't(x)･ Then the following question is
sugge sted by Corollary 4･12‥ Is f#
cx3
(Y) - 1 fo r e very c o- M o o r e spa c eY ?
Fin ally, w e c o n side rthe c o- M o o r e spa c ea(Z(DZ2,n)toillustrate m a ny ofthe
re s ults ofthis s e ctio n.
4･1 3Co r o11a ry･ If Y - a(Z o Z2, n), the nf*(Y)FS D4, the dihedr a1gr o up Of8
ele m e nts, f
*
(Y);y Z2⑳ Z2, 錯m(y)FdZ2 ㊦ Z2 and錯
m ＋1(y)- ll Fu rtherm o re,
f*(Y)and錯m(y)aredistin ct s ub9rOuPS Off*(Y).
2 1
if
§5 Sp A (コE S W I T Hf* - f*
Re c all that a丘nite C W- c o mplex X is c aled a Poin c are
'
c omple x ofdim e n sio n n
(
(i
(ii
Hi(X)- O fo ri> n .
H n(X)FS Z gen e r atedby ”.
T he ho r no m orphis m P : H q(X)→ Hn - q(X)defin ed by P(a･) - a･ n FLis an
is om orphis m fo r all 0≦q≦ n .1S O O 山 土 0
5･1 Pr opo sitio n. IfX is aPoinca re' c omple ∬, the nf*(X) - f*(X).
Proof･ Iff: X ぅ X , the nI.(f
*
(x)nil) - X nf*(”). No wletf∈ f*(X). The n
P(f
*
(x))- f
*
(31･)np
- x nf.(”)
- P(∬)
ands o”(x) - x･ T he r efo r eI∈ f*(X)ands o, f*(X)⊆f*(X). Forthe oppo site
in clusio n, we c oncludefro mthe u nivers alc o efRcie nt 七he o r e m[Sp2,P. 248],
0 → Ext(H
n ＋1(x),z)→ LJn(X)ぅ Ho m(H
n
(X),Z)1 0,
that Hn(X)FY Ho m(H n(X),Z)I T hu siff: X → X a ndf* n - 1, the nI.(”) - ”.
No wleti ∈f*(X)･ T he n
f.(P(x))- I.(x n p)
- I.(f
*
(I)n p)
- ∬ nJ*(〟)
- P(x).
T hu sf. - 1, and s of*(X)⊆S*(X). ロ
5･2 Co r olla ry･ (1)IfX is a n H - space, then E*(X) - f*(X).
(2)IfX is a co mpact, o rie nted m a nifold, then f*(X) - f*(X).
Proof･ (1)Browder provedthatX is aPoin c a r6c o mplex[Ka,p. 31].
(2)Bythe Poinc ar6 du alitythe orem [Mas, p. 365], X is aPoin c ar6 c o mplex .
Now let Xbe a spa c ea nd for every n > 0;we w rite
Hn(X) - Fn o Tn ,
wher eFn is afre e- abelia ngro up and Tn is afinite gro up･
言:弓x3Topositio n･ (1)If for e v e ry n ' 0, Ho m(Fn ,Tn - 1) = 0, lhe n 叩 )⊆
(2)Iffor every n > 0, Ho m(Fn ,Tn) - 0, the n S*(X)⊆ど*(X).
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Proof･ (1) We have Ho m(Hn(X),Z)FY Fn a nd Ext(Hn _ 1(X),Z) 村 Tn _ 1 . Thu s
the u nivers alc o efBcie ntthe ore mfor c oho m ology yields the short e x a ct s equ ence
O → Tn - 1 ヰ H n(X)与 Fn ぅ 0.
IfI ∈ f*(X), w ehav ethe c o mm utativ ediagr a m withex a c七 rows
O - Tn - 1 -t＋ H
n(X) -E＋ Fn → 0
11 レ* 11
0 - Tr,- 1 - i) H n(X) ヱナ Fn → 0.
T he nthedi鮎 renc ef* - 1 - LO7T,for s o m ehom o m orphis m 0: Fn ぅ Tn _ 1. Thu sif
Ho m(Fn , Tn - 1) - 0, J* - 1, a nd s of*(X)⊆f*(X).
(2)T hisisproved asin(1)u singもhe u niversalc o efncie nttheorem whichexpr e s s e
bo m ologyin term s ofc ohom ology(se ethe pro of of Propo sitio n5.1). □
T hefollow l ng C O r Ollary glVe8tw o extre m e C a s e s OfPr opo sitio n5.3.
5･4 Co r ollary･ (1)IfHi(X)hasn oto rsio nfo r all
'
i > 0, the nf*(X) - ど*(X).
(2)IfHi(X)is aPnite 9r OuPfo r alli> 0, the nf*(X)- f*(X).
§6 Ho M O TOPY EQU I V A L E N C ES W H ICE IN D U C E
THE ID E N T I T YON HoM OT O P YGR OUP S
Fto m e a rlie rs e ctio n sit is n ot clearif there e xist spa c e sX with f#
u(X)≠ 1,
where S･
m(X) -
t9ofi
im 't(x)･ we sho wthats u ch ex a mple s e xist･
6･1 Pr opo sitio n ･ IfX - S m x Sn , with n > m ≧ 2, the nthe 9rOuP錯
m
(x)is
abelia n a nd equ als錯m 't(x)fo r all i> 0･
Pr of･ We u sethe ex a ct s equ enc e of[Sa, p. 71]
7Tm .n(X)与f(X)阜 f(Sm v Sn),
wherepisglVe nbyr e striction tothe ”-skeleto n a nd入isde丘nedasfollo w s: Co n side r
the c o丘bre s eqtle n C e･
Sm vSn 斗 x 阜 sm ∧ sn - s m ＋n ,
andthe c o rre spo nding pin ching m apA: X → X vSm ＋n ･ Then ifz ∈ 打 m ＋n(X),
A(I)is七he c om po sition
x i x vsm 'n lBz x vx 与 x
,
where ∇isthefolding m ap･ We fir st sho w p(錯m(x))- 1･ LetI∈ 錯m(x)a nd
let il : S
m
ぅ Sm v Sn and i2 :S
n
l S m vSn be七hein clu sions. T hen its u瓜c e s
to show p(I)il - il a ndp(I)i2 - i2. But
i#(p(I)il) - f#(il)
= iil
- i#(il)･
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Sin ce i#
.
: 打 n(Srn v Sn) → 7Tn(X)is a nis o m orphis m, p(I)il - ill Simila rly
p(I)i2 - i2. T hu s
錯
m
(x)⊆ Ker n elp - Im age入.
T herefore any ele m ent of錯
m
(x)is oftJhefo r m入(I) - ∇(1 Vz)e, fo rs o m eI ∈
汀 m .”(X)･ To c ompletethe pr o of its ufRc e sto show 入(z)#k - 1: 打k(X) う 打k(X)
for all k･ Itis kn ow n tJhat thefollow l ngdiagra m c o m m ute s
Sm v Sn ⊥ → x
li 13･1
x - ヱ → x vs m ＋n
,
wherejlisthein clu sion ･ Fu rthe r m orei# : 汀h(S m vSn)十 7Tた(X)is o ntofor all k.
T hu sify ∈ 7Tk(X), y - i#(x)for so m e ∬∈ 7Tk(Sm v Sn), a nds o
入(I)#(y) - ∇#(1 Vz)#e#i#(x)
- ∇#(1 Vz)#jl#i#(x)
〒 i#(a)
- y. □
T he pr o of sho w sthat lmage入 - 錯m ＋t(sm x sn)for al i ≧ 0. 於 o n [Sa,
Thm ･ 2･6, Le m･ 4･1 a nd(5.1)]w e obt ain
6･2 Co r o1 ary･ Ifn > m ≧2, the n
f芽(Sm x Sn)記 錯m(sm x sn)
F3(7Tm ＋n(Sm)/[Lm ,7Tn ＋1(S m)])⑳(7Tm ＋n(S
n
)/[Ln ,7,m ＋1(S
n
)]),
where Lk ∈ 打k(Sk)istheide ntity m ap a ndthe br a cketsde note Whitehe adprodu cts.
In partic ular,
･
f#
co
(S
2
× s
n
)兜 町n ＋2(S
2
)⑳ z2 a nd
f#
n
(S
3
× s
n
)符 打n ＋3(S
3
)o 汀n ＋3(S
n
).
Ne xt w e show that錯m(x)c a nbein丘nite while 錯m '1(x)istrivial.
6･3 Pr opo sition ･ IfX - CPn vS2n , the n錯m(x);y z a nd錯m ＋1(x) - 1･
Pro of･ Let il : CPn ぅ X a nd i2 ‥S2n → x be theinclu sio n s andpl : X ぅ CP n
a ndp2 ‥ X I S2n the pr oje ctio n s･ Iff ∈[X, X], w e w rite I,i - Prfit, fo r
r,i - 1,2･ Let u ∈ H
2
(cp
n
) - z a nd ” ∈ H2n(s2n) - z be ge n e rators a nd let
x - p;(u)∈ H2(x) and s - p芸(”)∈ H2n(x). T he n H2n(x) - z(DZ a ndis
ge n erated by x
n
and s･ Iff ∈ 錯m(x),then f*(s) - kxn ＋esfo rk,A∈ Z. But
f#2n - 1 and s of2 2 - 1. T hu se - 1 and hence
f*(s) - kxn ＋ s.
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De丘ne O : 錯m(x) → z byO(I) - k･ Note that if ∈ 錯
m(x), f
*(I) - x
sin c ef#2 - 1･ W e n o wshow 0 is a ho m o mo rphis m :Given I,I
/
∈ 錯
m
(x), wher e
f' *(a) - k′xn ＋ s. T hen
(ff
'
)
*
(a) - f
′*
(kx
n
＋ a)
- kxn ＋(k
'
x
n
＋ s)
- (k十 k･
′
)x
n
＋ s.
T hus 0(ff') - 0(I)＋0(f')･ N()w w cshow that0 is al n O n O m O rPhisln :By Propo -
sition 2･4 and the fact that[S
2r7･
,
CPn] - 0, we ha v ethat I,f
′
∈ [X ,X]are
equal 令 fr七 - I:七 for(r,i) - (1,1),(2,1),(2,2)･ Butiff,I
/
∈ 錯m(X), then
f2 2 - 1 - f妄2･ Further more, f*(x) - x - I
/ *
(I) and s ofll - fiュ. Thu s
I,f' ∈ 錯
m
(X)are equal⇔ f21 - fil ∈[CP n ,S2n]･ But thelatter holdsif and
o nlyiff2*1(”) - fi
*
1(”)･ No wf2
*
1(”) - (p2fil)*(”) - i;f*(s) - i;(kxn ＋ s) - hun
a nd simila rly I;*1(”) - k'u n ･ The r efor e0(I) - k - k′ - 0(fI)implie si - f′.
Fin ally w e sho wthat0is an epim orphis m: Giv e nk ∈ Z,let g ∈[CP n ,S
2n]be
s u ch tha七9
*
(”) - ku
n
･ The nde丘n eI∈錯m(x)byIll - 1,f12 - 0,f2 1 - 9 and
f22 - 1･ Clea rlyO(i) - k･ Thu s錯m(X)討 Z･
To s e ethat錯m '1(x) - 1, w e u s ethe Sulliv an minim al m odelルイ of X[G- M]･
Let Ju(k)⊆ ル=)ethe subminim alalgebr a ofJu ge n e r ated by al fre ealgebra ge n-
e r ato r s of degre e≦k･ The n鴇(Ju)isthegroup ofho m otopycla s s es of differe ntial
gr aded algebr a a uto m orphis m s¢: .”(k)十 Ju(k)suchthatfor e v e ryfr e ealgebr a
ge n erato r x ofJu(k),4,(a) - x ＋ x, where xis a de c o mpo sable ele m ent ofJu(k).
Withs ubs c riptsde n otingdegr e e, thefr e e
.
algebr age n erato r s of ルl(2n ＋1)are u2,
v2n ＋1, X2n a ndy2n ＋1 Withdiffere ntialdgive nby du - 0, dx - 0, dv - un ＋1 and
dy - x u･ The n e a ch ele m e nt offin＋1(Ju)is r epr e s e nted by a differ e ntialgr aded
algebra auto m o rphis m4,q : jut(2n ＋1)十 Ju(2n ＋ 1)which is theidentity on u, ”
a ndy and s u ch that4,q(a) - x ＋gun for so me rationalq ∈ Q･ He n c e
x u - dy
- d(4･q(y))
- ¢qd(y)
- (x ＋qun)u
- x u＋ qu
n ＋1
Thu sq - 0, and s oどin'1(･M) - 1･ But by[Mar], there is a ration aliz atio n
ho m o m orphis m 錯
m '1(x) → fi
n＋1(JM)･ Itfollows that錯m ＋1(x)is afinite
gr o up･ sin c e錯m '1(x)⊆錯m(X) - Z, we have七hat錯m'1(x) - 1･ 口
We m e ntio n a n other e x a mple,take ndir e ctlyfr o m[A-L, Pr op･ 6･3]･
6.4 Exa m ple . If U(A)den ote sthe unita ry gr o up a nd Xistheho m ogene o u s spa c e
U(n)/(U nl)× ･ - × U(nた)),
where nl ≦ ･ ･ ･ ≦ nた and n - (nl ＋ - ･ ＋ nた)≧ 2, then 錯
m '
lL
(x)isin 払itefor
everyi≧0.
w e clo s ewitha c onje ctu re regardingthe stability ofthe groups錯m ＋た(x)I
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6.5 Co nje ctu r e. IfX is ajinite CW - c o mplex, then the re exists a ninte9er N su ch
that
錯
m 't(x) - 錯m ＋N(x)
fo r all t≧ N .
Clearlythisistrueif錯m 's(x)isfinitefor s om e s ･
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ON T H E HOP F C O N S T R U C T I O N
KE N- IC H IM A R U Y A M A
IN T ROD U C T I O N
ホ モ トピ ー Let X be aHopfspa c e a nd m : X x X う X beits m ultiplic atio n. W e
denote by H(m): X * X 1 ∑ X the ftopfc onstructio n ofm ,that is, H(m)(i-, x ,y) -
(i, m(.T,y))I Re call that the Hopfc o n str uctions of c anonic al m utiplic ations of Hopf
spa c e sS
l
,s
3
,s
7 give w ell kn ow n Hopfm aps. Fo rHopfspa c e sglVen bylo cal iz ng odd
dim ensio n alspher es, w e obtainthefbllow lng.
T he o r em ･ Letp be a n oddprim e. Let7 be a n el m e nt ofthep-prim ary pa rt ofthe
stable ho motop y gr o up Ofsphere(7T2Sn _ 1)(p), n > 1 and 72n ＋1 be its r epre s e nL
･
ativ ein
(打4nS
2n ＋1)(p)･ T he nthe re e xists a m ultiplic ation LJOfS(
2
p
n
)
- 1
such that∑2H(LJ) - 72n '1･
1. D E S C R I P T ION OF T H EHop F CONST R UCT ION
Letp,4 : A x B ) A,pB :A x B ) B, andq: A x B ) A ^ B be proje ction maps,
a ndiA : A ぅ A x B ,iB : B づ A x B in clu sio n m aps r e spe ctively. In ge n er al,the Hopf
c o n str u ctio n ofa m ap α : A x B う X c a nbedes cribed asfollo w s(se e[1],[2])･
((1.I)) (∑q)
*Hα ニ ー ∑αiAPA ＋ ∑α - ∑αiBPB .
Weden otebyd: A x B う A x B x A x B,d
/
: A x B I A x B ∧ A x B a diaga n al m ap
a nditsindu c ed m ap r e spe ctively.
Le m m a 1.2. Let Xbe aHopfspa c e with a m ultiplic atio n m . Let α : A x B ぅ X a nd
β:A ∧ B ぅ X be m aps. T hen w eobiain
∑q
* H(α ＋Pq) ニ ー ∑(αiAPA)＋ ∑α ＋ H(m)∑(α ∧Pqd
′
)＋Pq - ∑(αiBPB)･
Pr o of. Bythe definition of lg(m), ∑ m - ∑pl ＋ H(m)∑q ＋ ∑p2, Where pi : X x X 十
X(i - 1,2)ar eproje ction m aps･ We obtain,
∑(α ＋Pq)- ∑(m(α × Pq)d)
- ∑α ＋ H(m)∑(α ∧Pq
/
)＋ ∑(Pq)･
Ty pe setby AMS
一 聯
27
Hence
(∑q)
*IJ(α ＋Pq) - - ∑(α ＋Pq)iAPA ＋ ∑(α ＋Pq) - ∑(α ＋Pq)iBPB
ニ ー ∑(α乞APA)＋ ∑(α ＋Pq) - ∑(αiBPB)
- - ∑(αiAPA)＋ ∑α ＋ H(m)∑(α ∧Pq
′
)＋ ∑(αiBPB),
C o r olla ry l･3･ Let A,B, and X be a sabo v e. We den ote by α ∧Pq: A ∧ B 十 X ∧ X
the m apinducedfro m(α ∧Pq)d′･
｢1)･ ∑H(α ＋ Pq) - ∑(H(α)＋ LI(m)(α ∧Pqd/)＋ ∑β)･
(2)･ If[A x B, X]is c o mm utativ e, H(α ＋Pq)- H(α)＋ H(m)α ∧Pqd′)十 ∑β･
Let 0 bethe multiplic atio n of n
2=2s
(
2
p
n
)
- 1 indu c ed bythe 丘rs七1o op･ It is w ell kn ow n
that0indu c es a mul tiplic atio n ofS?pn)
- 1
and w ede n oteit by p･ We obtaintheho m otopy
c om m utative diagra m asfollows.
n2∑2s
(
2
p
n
)
- 1
* n2∑2s
(
2
p
n
)
‾ 1
← ⊥ s
(
2
p
n
)
‾ 1
* s
(
2
p
n
;
A
H(0)1 1H(”,
= n2=2s
(
2
p
n
)
- 1
← エ ー =S
(
2
p
n
)
- 1
whe r ei:S(
2
p
n
)
- 1
→ o2∑2s
(
2
p
n
)
l listhe c a n o nicalin clu sio n･ Le七 u s r e cal the Dold- La shof
c o nstru ction of B(∩(n ∑2s2n
- 1))withre spe ct to thelo op m ultiplic atio nO･ The n七he
atta ching m ap ofthe4n dim ension alc ellofthis clas sifyingspa c e c oincide swith Hp･ On
tile Othe rhand
,
B(∩(n∑
2s2n
- 1))空 n ∑2s2n
‾ 1 is ho m otopy
.
equivalent to the Ja m e s
c onstru ctio nJ(S
2n)and its atta ching m ap ofthe 4n dim ens10 nalcell is know n to be
the Wbitehead pr odu ct.
((1 A)) H(”)- [L2n ,L2n](p)
2. PR O O F O F T H E T ‡I E O R E M
T be do uble s tlSpenSion hono m o rphis m
打4n - 2S(
2
p
n
)
- 1
→ 打4nS(
2
p
n
)
＋1
isis o m o rphis m([3], 2･8)and hen c e, ther e e xists an el m ent72n - 1 ∈ 打4n - 2(S(
2
p
n
)
- 1
)s u ch
that =272n - 1 - 72n ＋1･ We defin e ane w m ultiplic atio n on S(
2
p
n
)
- 1
a sfollow s･
LJ - P ＋72γい 1q
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Fro m Corollary 1.3 w e obtain
H w - [L2n ,L2n](p)＋ ∑72n - 1 ＋[L2n ,ん2n](p)∑p ∧72n - 1q
/
･
He n ce
,
by using(1.4), ∑lf(”) - ∑
2
72n _ 1 - 72n ＋1
Sinc e[L2n ,lJ2n](p)∑p∧ 7q
′indu c e sthetrivialm ap on ho m ologyfor 7 ∈
it isthe trivial m ap ofS
in - 1
Co ralla ry l･5･ ･ H(FL ＋ 7) - [L2n ,ん2n](p)＋ ∑7･
1. M
2 . H.
汀4n - 2S(
R
p
m
)
- 1
)
R B F】五R E N C E S
Arkowit2;and P. Silberbush
,
So me pr ope rtie s offlopf-ty pe co n str u ctio ns(もo ap pe ar)･
J･ Ba u es, J41gebr aic ho m･otop y, Ca r nbridge Universit･y Pre ss, Ca mbridge, 1 9 8 91
3 . a . Toda, On ile ra
･ted suspe nsions I, ∫. M ach. Kyoto Uviv ･ (1 9 6 5), 87- 14 2･
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A S U B G R O U PO F S E L F HO M OT O P Y
EQU I V A L E NC E S W H I C HIS I N V A R I A N T O N G E N US
KE N- I C E IM A R U Y AM A
ABS T R A C T･ In 七Ilis paper w e prov e七hat 七he subgr oup ofs elfboェno七op yequlV ale n c es
w hich c o n sits ofm apsindu cin g七beidentity on ho m o七op y gronpsis agenusin varian七
m odulo torsio nfor c ertain Hopfspa c es.
IN T R O D U C T ION
For a finitely gen erated nilpotent gr o up N , the
･ M islin (loc alization)gen us of
N de n oted by a(N)is de丘n ed to betheis om orphism cla ss es offinitelyge n e r ated
nilpotentgro ups K with Np 望 Kp(is o m o rphic)for e a chprim en umberp, w here Np
a nd Kp a r ethelo c alizations atp(se e[Mi],【Wi])･ It is kn o w nthat a(N)is n?n
-
trivialin ge ne r al[BW〕･ It is als okno w･n 仙 at the r e exists a丘ni七ely ge n e r ated七o r sl O n
fre enilpote ntgro up whos eM islin ge nus ha s m o r e七ha n o n e ele m ent[Mc],[Og].
For a nilpote ntspa c eX offinitetype, o ne c an defin ethe M islingen us a(X)of X
an alogo usly,i･ e･, a(X)isthe s et ofho m otopytypesX' offinitetype with Xp 望 XL
(ho m otopyequivale nt)at e achprim e nu mber, w here Xp a nd X;arethe ho m otopy
theoreticlo calizations(see[BK],[H MR])･ T he 丘rst ex ample of a n o n-trivialgen us
for spa c esisfo u ndin[HR];n o wit is kn ow nthat there are m a ny spa ces withs u ch
apr op?rty･ On the otherha nd, Wilkerso n[Wi]has show nthat a(X)is&nitefo r all
怠nite slmply c onn e cted c omplexe s･
Letf(X)de n otethe s etofba s ed ho m otopycla s s e s ofs elfho m otopyequivale nc e s
ofa(bas ed)spa ce X . f(X)is agr o up withgr o up operatio ngiv
.
e nby co mposition
ofho m otop ycla s s e s･ It is kno wn that f(X)is n ot a ge n u sinva rl a nt e v en fo rfinite
c o mple xe s[Ro]･ Let
.
f#(X)be the s ubgro up of ho m otop ycla s ses which indu ce
theide ntity o nho mo七op y gr o ups of X in dim e n sio n s≦ dim X . f#(X)is kno wn
to be nilpote ntby[D Z]･ In this paper w e study f#(X) wher eX is afini七e H(o r
Ho)-spa c e･ We do n otknow w hethe r o r n ot f#(X)is age n u sinv a riant. Als o w e
do not kno wifthe ge?us s et a(f#(X))istrivial･ Ho w e v er w e c a nsho wthat the
gr o upis age n u sin v arla nt m Odulotorsio n ele m e nts･ Fo r a nilpote ntgr o up N, w e
de n oteby N/T the qu otie ntgr o upbythe subgr o up of alltheto rsio n ele m e nts. We
obtain
T he o r e mO･1･ Lei X be a ho m otop ya s s o ciativePnite H - spa c e and Y ∈ a(X).
The nf#(Y)/T 望 f#(X)/T ･
Letabe a c on n ected c ompa ct topologic algr o up andG ぅ E ぅ S2n ＋1 aprincipal
a-bundle･ Let 0 E 7r2n ＋1(BG)be the characte ristic ele m e nt of the bundle. We
Tbis res ea rch w a spartially snp por七ed by 七be Ministry of E du catio n of Japan, Gr anセーin - Aid fb∫
1 0 6 4 0 0 6 4
,
1 9 9 9.
Ty pese七by JriM S-一節
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de note by Efthe pullba ck ofthe bundle E by a m ap I: S
2n ＋1
1 S2n ＋1. The
spa c eEfis c alleda sphere extension ofE byI. Letdeg(I)de notethe degre e ofI.
T he o re - O･2･ We a s s u m ethatm-i(a)⑳ Q - Ofo ri≧ 2n ＋1. Ifde9(I)isprim e
tolOI, the n Ef ∈ a(E)a nd f#(Ef)/r 望 ど#(E)/T , Whe reLotisthe orde rofO.
We as u me thr o ugho utthat al 1spa c e s are co n n ected andhav eba s epoints.
§1. PRO OF O FTH E ORBM 0.1
First w e r ecallthe w ork of Zabrodsky[Za]o nthe ge nus of a n Ho-spa c e which
has be en ge n eralized by McG ib bon[Mc]and prov es om ele m mas a nd propo sitio n
needed in o u rpr o of.
D efinitio n. A 丘nite Ho-spa c eX is a丘nite nilpote n七 CW -c o mplex s u ch that Xo
is ho m otop yequ iv alent to the pr odu ct ofEile nberg Ma cLa n e space s, i.e. , Xo -
rI;= 1 K(Q,2ni - i)･
Le t X be a n n -dim ensio n alfinite Ho-spa c e, X(n)the n -th Po stniko v stage of
X and let*x : X(n) → ∩:= 1K(QH2ni
‾ 1(x,z)/T,2ni - 1)be a0- equivale nc e
withfibre F, w here QH *(X;Z)is the m odule of
.
inde co mpos able s･ We de丘ne
K - ∩;= 1 K(QH2ni
‾ 1(x, z)/r,2ni - 1)I Le七t be an integerdivisibleby alltorsio n
of Hm(X;Z)for m≦ n - dim X a nd by ∩?=1eXP7Ti(F), where exp de n otes七he
expo n e nt ofa gr o up, and let Pt - (p ∈ Ⅲlp divide si), where ll den ote sthe s et
ofal1prim e n umbers･ W e w rite P for Pt. It ha sbe en show n([Za]and[Mc])that
the n -th Po stnikov s e ctio nY(n)ofa n el m ent Y ofa(X)is give nbythefollo wing
(w e ak)pullba ck :
(1･1)
Y(n) ) X(n)
･yl lox
K 上空虹二ニュ竺ニ之} K
whe r edl, ･ ･ ･ , a, areintegersprim eto舌, andr(Idl, … ,dr)isthe m apindu c ed by七heho-
m o m orphis mldl, . . .,a,:QH
*
(X;Z)/T → QH
*
(X;Z)/r,Idl, . . . ,a,IQH
2ni H l(x;z)/r
- di ･ 1.
Le m m a1.1. T hefollowingis apullba ck diagr a m
Y(n) → X(n)p
l lk oeo
x(n)p 均 Ko 一 旦 ヰ Ko
whe rero - r(Zdl, . ‥ ,dr)o a ndtw o eo
'
s a re r atio n aliz atio n s ofX(n)p a nd X(n)p
respe ctiv ely.
pro of. Lem m a1.1follo w sfrom (Il )andthe pullback diagr a m[H M R]:
Y ＋ Yp
l I
Yp ＋ Yo .
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N otatio n. I,etI: X I Y be aho m otopyequivalenc e. Wede n otebyAf :E(X)1
f(Y)thein ner a uto m o rphis mdefin edI)y Af(h)- fhr
l
propo sitio n 1.2. Let Xbe ajinite Ho -spa c e, Y ∈ a(X)andr bethe m ap giv en
in Lem m a1.1. Then thefollo wingis a pullba ck diagra m
f#(Y(n)) → ど#(X(n)p)
1 J
f#(X(n)p) ー ど#(K｡)土む f#(K｡) ･
Heref#(X(n))isthe s ub9r OuP Off(X(n))which co
.
nsists ofho m otop yclasse s which
indu c etheide ntity on ho motop y gro up in dim e n s w n s≦ n (i･ e･ , all the ho m otop y
gro ups OfX(n))･
Pro of･ Giv en I ∈ど#(Y),(g
- lfpg,h
‾ 1fph)is a n el m e nt of thepullba ck which w e
are co n side ring sin c e
Ar.((9
- lfpg)o) - (h
‾ 1fph)o
Thu sァe obtain the a s sign m en七fr o mf#(Y)tothepT
llback･ Cle a rlythe a ssign m e nt
is an lS O m O rphis m . □
Pr opo sition 1.2yields
Le m m a 1.3. Le舌 X be ajinite Ho -spa ce, Y ∈ a(X)･ The nthefollowingis a
pullba ck diagr a m
f#(Y(”))/T →
1
f#(X(n)p)/T ー ど#(K.) 也
Pr･oof. There e xists the following pullba ck fo r an
[H M R〕
〟
1
ー Np
l
f#(X(n)p)/T
l
f#(Ko)I
arbitrary nilpotent gro up 〟
Np ＋ No .
T hepullba ck diagr am in Pr opo sition l･2 is equiv alent tothe abo v ediagr a mfor N
-
f#(Y(n))be c a u s ef#(X(n)p)is P -lo c al and f#(X(n)p)is P
-lo c al re spe ctiv ely
[Ma],[M@]. T hereforethe diagr a min the a s s e rtio n of Le m m al･3 is equiv alent to
thepullba ck a sfollow s
N/T - Np/T
l l
Np/T ＋ No ･
Le七 Z(X)c onsist of alI ∈tX,X], the ho m otop ys et ofS elf- m aps of X, s u ch
thatf* : 7Ti(X) 十 7ri(X)is the trivial ho m o m orphis mfori ≦ dim X ･ IfX is aJ
ho m otopya ss ociative H
- spac e, itis kn o w nthat[X,X]is a nilpotent group･ W e
s e e e a silythat Z(X)is an or mals ubgro up of[X ,X]･
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Le m m a1.4. IfX is aho moiop ya s sociativ efinite H - spac e, Z(Xe)望 Z(X)Afo r
a s et ofprim e nu mbe rse･
Pro of. T here existst hefollowing c om mutative diagr am ofgroups a nd ho m o m or-
phism s withex a ct r o w s
o → z(x) - - → [x,x] + LI I1望ごx Ho m(7ri(X), 打i(X))
上 1 1
o → z(xe) ー [Xp” Xe] + 望一 斗 n;望x Ho m(7Ti(Xe), 汀i(Xe))I
Inthis diagr am ,the s e c ond and七he third ver七icalho m o m orphis m s ar elo c alization
m aps. In gene r al,fo r aho m o m o rphis mI ･. N ) N
'
of nilpote nt gr o upsit holds
that(kerf)e 望 kerfeby The ore m 2･1 of[H M R],henc e w eobtainthe res ult･ □
N o w w e willprove T he o r e m0.1. We willshow thatAr.induc es a nis o m orphis m
o nE#(X(n)p)/T ･ Fo r七his, fir st w e willsho wthat Z(X)/T is invariant under Ar°
u singthe fa ct that Z(X)/T is a n abelian gr o up･ We the ntr a n sferthis r e s ult to
f#(X(n)p)/T ･ By[M i2], Y ha sthe ho m o七op ytype ofa finite co mplex ･ We sho uld
n otethat[X ,X]is bijective with[X(m), X(m)]ifm ≧ dim X - n ･ We identify
ど#(X)with f#(X(n)), Z(X)with Z(X(n))r espe ctiv ely･ Le七Libethefu nda m e ntal
cla ss of H2n i
～ 1
(K(Z,2ni - 1)), then the m odule of de c o mpo s able sD H
*
(K)/1
-
is gen erated by the ele m e nts LilLi｡
- んih, il ≦ ≦ ik. Note tha七[Xo,Xo]is
is o m o rphicto ni H
2ni - 1(x)o･ It is e asyto s e e七hat Z(X)/ris a丘nitely-ge n erated
abelia n
.
gr o up ge n e r ated by the 丘nitely m a ny ele m e nts‡∑ mil - i良 Zil ･ ･ ･iん), Whe r e
mil - ik lS an intege r, zil ･ ･ ･ik isthefollo w l ng C O mpO Sition ･
zil . . .ik : Xo
(ail - ih/bit -jk
)hlLi2 - んよh
K(Q,2ni - 1)→ Xo
Her e ail . . .ih/bit . . .iた is s om e ratio n aln u mbe r･ T he s ubgr o up L of[Xo, Xo]ge n erated
by((1/bit - .ih)LilLi2 - Lib)is a丘nitely-ge n eratedfre e abelian group･ Weha v e
Ar.(LilLi2 - Lib) - dLilLi{ ･ ･ Lih
fo rso m ea ∈ Z妄･ Notethat the equiv ale n c e4,x o: X(n)o l Kois a nH - m ap sinc e
X isho m otopya s s ociativ e･ T her efo r e, Aro(Lp)c Lp ･ No wZ(X)/Tis a s ubgr?up
of Loffiniteindex, s othere exists aba sis u l, ･ ･ ･ ,un OfLs u ch thatelul, ･ ･ ･ ,en un lS a
basis of Z(X)/T ･, Wher e el, - ,en are n O n- Z e r ointegers･ Consequ e ntly, Z(X)p/T -
z(xp)/r isinva r
.
iant unde rAro ･ Bythe s a m e r e a s on Ar
-
o
1
(z(xp)/T)c Z(Xp/T)･
Henc eAr° is an lSO m Orphis m of Z(Xp)･ No w, by deanitio n ofZ(X),the r e e xists
a oneto o n e c o rre spo nde n ce betw e n Z(X)and f#(X),that is
Z＋ : Z(X)う f#(X)
defin ed by I ＋(a) - I ＋x, where I istheide ntity m ap of X･ Ⅰ七 als oindu c es a
bijectio n
I＋ : Z(X)/T ) f#(X)/T
Analogo u sly, f#(Xp)/r is bijective with Z(Xp)･ Let I＋ x ∈ f#(Xp)/T, Whe r e
I ∈ Z(Xp)･ T he n w e obtain
Ar.(I＋ x) - Z＋ Ar.(I)
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T hu sAr. induc e sanis o m orphis m o nf#(Xp)/T･ No w w eha v ethefolo wingc o m-
m utative diagra m
f#(Xp)/T → f#(X.) 斗 f#(X.)
1Aro IAro l∫d
ど#(Xp)/T - f#(Xo) 一 生 → f#(Xo) I
Bythe fu nda m entalpr ope rty ofpul1ba cks a nd Le m m a1,3, w e obtain an is om or -
phis mfr om f#(Y)/T tO ど#(X)/7
-
.
§2 PROO F O FT H EOR E M0.2.
We r e c alla r elatio nbetw e e nPo stnikov syste m and ho m otop yequ lVale nc e s. For a
nilpotentspac eX ,let u sde n ote by X(n)the ” -th Po st,nikov s e ction o ritsprin cipal
re丘ne m ent.
Le m m a 21 ･ ([A C],[No],[Su])For e a ch n , thejibe rin9 K(7Tn(X), n) 1 X(n)当
X(” - 1) withthe k-inv a ria nt kn ＋1 indu c e sthefollo wing e ∬a Ct S equ e n c e
O う Z(1x(n) ぅ p完H
n
(X(n - 1);7Tn(X) 与 f#(X(n))巧 f#(X(n - 1))
More o v er, Im Jn - (h ∈ f#(X(n - 1)),fGn ＋1h - ICn ＋1 in H n ＋1(x(n - 1);汀n(X)).
We obtain
Le m m a2･2･ LetK be aprodu ct ofEilenbe r9- Ma cLa n e spa c e s. The nthe re e xists
thefollo wing SPlite ∬ac舌s equ e n c e
O う p芸H n(K(n - 1);7Tn(K))与f#(K(n))巧f#(K(” - 1))う 0.
Pro of･ Ex a ctne ssfollows fro m Lem ma 2･l･ The r eis a n obvio u sho m o morphis m
(in clusion)f(K(n - 1))→ f(K(n))whichgive s a splitting ho m om o rphis m of 七he
ex a cts equ enc e.
We willprove T heor e m O･2 in the follow l ng･ Bithe a s s u mptio n Efisin the
ge nu s ofE ･ Bythefa ctsinthela stsectio n) w eha v ethefollow i ng Pullba ckdiagr a m
Ef(2n ＋ 1) ＋ E(2n ＋ 1)
1 1
K ヱ牡 ニュ土 K .
Here d - de9(I)･ ByLe m m a2･1, the r ee xists an ex a ct s equ e n c e asfollo w s.
p
* H2n ＋1(E(2n);打2n ＋1(E))-Sf#(E(2n ＋1))
q2
3'
1
f#(E(2n))
Let kl, - ,km a nd x m ＋1, - , Xr be ge n er ato rs ofp
*H 2n ＋1(E(2n);7T2n ＋1(E))a nd
lm(cr2n ＋l)re spe ctively･ Fto m 七he s ege n e r ato r s, w e c an defin e abasis(ki,5i)for
f#(E(2n ＋1))su chthat 虚言(e2n ＋1) - e2n ＋1, Where e2n ＋1 ∈ QH2n ＋1(E)is agenera-
to r･ Thisfa ctc a nbe obtain eda sfollo w s･ For ou rpurpos e,it is s u氏cientto c o n side r
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generators m odulo 七orsion ele m e nts･ As s u m ethat w e a r egive nI∈ f#(E(2n ＋1))
su chthatf*(e2n ＋1) - e2n ＋1 ＋ p witha deco mpo s able ele m e ntp(m odulo to rsio n
ele m ents)I T here existsi ∈p*H2n ＋1(E(2n);7T2n ＋1(E))s uch七hat
(ffC(i))
*
(e2n ＋1) - e2n ＋1
m oduloto r sion ele ments, sin c eH
*(E(2n ＋ 1))isis om orphic to H *(a)for * < 2rL
and H *(a)/T is a n e xterior algebr a･ Henc e we s e e o u r claim ･ Le 七P - (p ∈
Il((p,lOl)- 1)･ T heloc alization off#(E(27L十1))/T at P is also gc nera七ed by(k･i)
a nd(豆i)over Zp ･ We obtain the equal itic s.
Ar7(k)- dk, Ar.(k)ニ ー dk
for all k∈p
* H2n ＋1(E(2n);汀2n ＋1(E))/T, a nd
Ar.(忠) - 庶
for虎 ∈< 豆i > , Where d ∈ Z妄･ Fo r a s ubgro up N ⊂ f#(E(2n ＋1)), c o n side rthe
follow i ng e x actS equ enc e
O I N′/N
′
n ke rFC → N ぅ o･2n ＋1(N)ぅ 0 .
He r eN′ is a s ubgro up ofp
*H2n ＋1(E(2n);打2n '1(E))･ By an argu王ne nt a n alogo u sto above, N/T is ge n erated by(ki) and(x
～
i), Which s atisfy Ar°(ki) ニ ー d ki a nd
Aro(孟i) - 庶i･ T herefore, Np/T isin va ria n七 u nde rAr° a nd Ar
-
.
1
･ Ifm ≧ 2n ＋ 1,
E#(E(m))/Tisthe s ubgroupf#(E(2n＋1))/T Of丘niteindex, a ndthe r es ultf.11｡w s.
Re m a rk･ W e sho uldn otethat o u rthe ore m sin this a rticle do n ot in sistthat the
ge n u s s et ofthe nilpote nt group f#(X)/T, n am ely a(f#(X)/T), is trivial. We
do n ot kn ow if the r e exists aspa c e s u ch that a(f#(X)/T)has m ore tha n single
ele ment.
P r oble m ･ Find a spa ce X s u ch that#G(ど#(X)/T)> 1.
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